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Recently, Giusto and Halpern reported the open-string description of a certain basic class
of untwisted open WZW strings, including their associated non-commutative geometry and
open-string KZ equations. In this paper, we combine this development with results from the
theory of current-algebraic orbifolds to find the open-string description of a corresponding
basic class of twisted open WZW strings, which begin and end on different WZW branes.
The basic class of twisted open WZW strings is in 1-to-1 correspondence with the twisted
sectors of all closed-string WZW orbifolds, and moreover, the basic class can be decomposed
into a large collection of open-string WZW orbifolds. At the classical level, these open-string
orbifolds exhibit new twisted non-commutative geometries, and we also find the relevant
twisted open-string KZ equations which describe these orbifolds at the quantum level. In
a related development, we also formulate the closed-string description (in terms of twisted
boundary states) of the general twisted open WZW string.
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2
1 Introduction
In recent years, the orbifold program [1-11] has in large part completed the local description
of closed-string orbifolds, including:
• the twisted current algebras and stress tensors of all sectors of the general current-
algebraic orbifold [1-5],
• the twisted affine primary fields, twisted operator algebras and twisted KZ equations
[6, 7, 9, 10] of all WZW orbifolds,
• the action formulation [6-8,10] of all WZW and coset orbifolds, in terms of group orbifold
elements with definite monodromy,
• the action formulation and twisted Einstein equations [11] of a large class of sigma-model
orbifolds,
• free-bosonic avatars [7, 9, 11] of these constructions and the explicit form of their twisted
vertex operators.
A short review of the program can be found in Ref. [10]. Recent progress at the level of
characters has also been reported in Refs. [12,1,13-15].
Subsequently, the techniques of the orbifold program were also applied to construct a
new class of so-called orientation orbifolds [16, 17], which arise by twisting world-sheet
orientation-reversing automorphisms in closed-string WZW, coset and sigma models. Like
conventional orientifolds [18-21], the orientation orbifolds contain both closed- and open-
string sectors,but the orientation-orbifold sectors are characterized by fractional moding,
including twisted Virasoro operators [1, 22, 9] in the open-string sectors.
The open-string sectors of the WZW orientation orbifolds are certainly not the most
general twisted open WZW strings, but because orientation-reversing automorphisms are
quite special, it is not immediately clear how to generalize the construction of Refs. [16, 17].
In pursuit of more general twisted open WZW strings, we have therefore reexamined
the “open-string description” of untwisted open WZW strings‡1 given in Ref. [23], including
the non-commutative geometry and the open-string KZ equations of these strings. We find
that this construction can be straightforwardly combined with the theory of closed-string
current-algebraic orbifolds to give a large set of new twisted open WZW strings, which we
call the basic class.
‡1In the closed-string description of open strings, one uses the closed-string currents J, J¯ to define bound-
ary states, while in the open-string description of open strings, one works directly with a single set of current
modes J .
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The basic class is a particular class of twisted open WZW strings, which
• is entirely disjoint from the open-string sectors of the WZW orientation orbifolds,
• is in 1-to-1 correspondence with the twisted sectors of all closed-string WZW orbifolds,
• can be decomposed into a large collection of open-string WZW orbifolds
Aopeng (H)
H
, H ⊂ Aut(g) (1.1)
where Aopeng (H) is any Giusto-Halpern open string with a symmetry H .
Examples of simple open-string orbifolds have been discussed e. g. in Refs. [24, 25].
An overview of our construction is given in Subsec. 2.1, and the necessary background
material from the orbifold program is reviewed in Subsec. 2.2 and Apps. A,B. Central results
for the basic class include the generalized WZW branes in Subsec. 3.5, the new twisted
non-commutative geometry in Subsec. 3.6 and the twisted open-string KZ equations in
Subsec. 4.5. Explicit non-abelian examples are given in Subsecs. 3.5, 4.5 and App. D, and
free-bosonic analogues are worked out in Subsec. 3.7. In a parallel development, App. A
formulates the closed-string description (in terms of twisted boundary states) of the general
twisted open WZW string.
Taken together, the general twisted boundary state equation and the open-string sectors
of the WZW orientation orbifolds give important clues for further generalization of our main
development (see the final Discussion in Sec. 5). Based on these observations, we will return
elsewhere to construct the open-string description of the general twisted open WZW string
– which includes both the orientation orbifolds and the basic class as special cases.
2 Preliminaries
2.1 The Open-String WZW Orbifolds Aopeng (H)/H
In Ref. [23] a procedure was given to construct an open WZW string Aopeng from the left-
mover sector of the closed-string WZW model Ag on affine g. In this paper we combine
this procedure with the local theory of current-algebraic orbifolds [1-11] to construct a
corresponding set of Nc twisted open WZW strings, one from each of the left-mover sectors
σ = 0 . . . Nc − 1 of the general closed-string WZW orbifold Ag(H)/H (see Fig. 1).
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H
: The corresponding open-string WZW orbifold.
Nc: The number of conjugacy classes of symmetry group H⊂Aut(g) and
the number of sectors σ of Ag(H)/H or A
open
g (H)/H .
Fig. 1: Construction of twisted open WZW strings from closed-string WZW orbifold
Although our construction follows the path shown in Fig. 1, it is also possible to consider
these new constructions as open-string orbifolds Aopeng (H)/H of any H-symmetric untwisted
open WZW string Aopeng (H) (see Fig. 2).
Aopeng (H) −→
Aopeng (H)
H
 
 
  
✟✟
✟✟
❍❍❍❍
σ = 0
σ = 1
σ = 2
...
σ = Nc − 1
Fig. 2: The open-string WZW orbifold Aopeng (H)/H associated to the untwisted
open WZW string Aopeng (H) with a symmetry H .
We infer that Aopeng (H)/H is an open-string WZW orbifold for the following reasons:
• Each sector σ = 0, . . . , Nc − 1 of A
open
g (H)/H is a twisted open string, in particular,
the σ = 0 sector is the untwisted open string Aopeng (H) of Ref. [23] with a symmetry H.
• As in closed-string orbifold theory, each sector σ of Aopeng (H)/H is labelled by a
conjugacy class of H . Moreover, sector σ contains the appropriate twisted current algebra,
obtained by twisting affine g by an element hσ ∈ H in this conjugacy class.
• At the classical level, the target space of each sector of Aopeng (H)/H is the appropriate
sector of the group orbifold g/H , with the corresponding group orbifold elements [6-8], and
with generalized WZW branes at each end of the open string.
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Because of modifications needed to apply the principle of local isomorphisms [3, 5, 6] to
equal-time formulations [11] and open strings [16], a direct realization of the path shown
in Fig. 2 will not be discussed in this paper.
In what follows we will therefore refer to Aopeng (H)/H as an open-string WZW orb-
ifold, while the basic class of twisted open strings will denote the set of all sectors of all
Aopeng (H)/H . Presumably, these open-string WZW orbifolds are associated via non-planar
processes to closed-string WZW orbifolds, but we will not study this issue here.
2.2 The Left-Mover Data of the Closed-String Orbifold Ag(H)/H
Ref. [23] constructed a basic class of untwisted open WZW strings from the untwisted affine-
Sugawara construction [26-30] on affine g [31, 32, 26], and it is clear from this development
that an open-string conformal field theory can be constructed from any single chiral current-
algebraic stress tensor [26,27,33-38]
For the twisted construction of this paper, we therefore begin with the left-mover‡2
twisted affine-Sugawara construction [3, 5, 6] of sector σ of the closed-string WZW orbifold
Ag(H)/H :
Lσ(m) = L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ) )Jˆ−n(r),ν(m−p−
n(r)
ρ(σ) ) : (2.1a)
[Jˆn(r)µ(m+
n(r)
ρ(σ) ), Jˆn(s)ν(n+
n(s)
ρ(σ) )]= iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(m+n+
n(r)+n(s)
ρ(σ) )
+ (m+ n(r)ρ(σ) )δm+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) (2.1b)
[Lσ(m), Jˆn(r)µ(n+
n(r)
ρ(σ))] = −(n+
n(r)
ρ(σ) )Jˆn(r)µ(m+n+
n(r)
ρ(σ) ) (2.1c)
[Lσ(m), Lσ(n)] = (m− n)Lσ(m+ n) + δm+n,0
cˆ
12
m(m2 − 1) (2.1d)
cˆ = 2L
n(r)µ;−n(r),ν
gˆ(σ) (σ)Gn(r)µ;−n(r),ν(σ) = 2L
ab
g Gab = cg, σ = 0 . . .Nc − 1 . (2.1e)
The normal ordering : · : in Eq. (2.1a) is the mode form of operator-product normal
ordering in the orbifold [2, 3, 5, 6], and the alternate mode normal-ordered form : · :M of
the twisted affine-Sugawara construction is given in Eq. (A.3).
‡2If the algebra of the twisted right-mover currents ˆ¯J of Ag(H)/H is not rectifiable [6, 7, 9, 10] into a
copy of the twisted left-mover current algebra, then in principle there could be another set of twisted open
strings based on ˆ¯J . However, as reviewed in App. B, all basic orbifold types are known to be rectifiable.
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The numerical coefficients in Eq. (2.1) are called twisted tensors or duality transforma-
tions. For sector σ of Ag(H)/H , the standard duality transformations have the following
explicit forms:
Gn(r)µ;n(s)ν(σ) ≡ χ(σ)n(r)µχ(σ)n(s)νU(σ)n(r)µ
aU(σ)n(s)ν
bGab
= Gn(s)ν;n(r)µ(σ) = δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r),ν(σ) (2.2a)
Fn(r)µ;n(s)ν
n(t)δ(σ) ≡ χ(σ)n(r)µχ(σ)n(s)νχ(σ)
−1
n(t)δU(σ)n(r)µ
aU(σ)n(s)ν
bfab
cU †(σ)c
n(t)δ
= −Fn(s)ν;n(r)µ
n(t)δ(σ) =δn(r)+n(s)−n(t),0mod ρ(σ)Fn(r)µ;n(s)ν
n(r)+n(s),δ(σ) (2.2b)
L
n(r)µ;n(s)ν
gˆ(σ) (σ) = χ(σ)
−1
n(r)µχ(σ)
−1
n(s)νL
ab
g U
†(σ)a
n(r)µU †(σ)b
n(s)ν
= L
n(s)ν;n(r)µ
gˆ(σ) (σ) = δn(r)+n(s),0mod ρ(σ)L
n(r)µ;−n(r),ν
gˆ(σ) (σ) (2.2c)
Tn(r)µ(T, σ) ≡ χ(σ)n(r)µU(σ)n(r)µ
aU(T, σ)TaU
†(T, σ) (2.2d)
e
2πi
n(r)
ρ(σ)Tn(r)µ(T, σ) = E(T, σ)Tn(r)µ(T, σ)E(T, σ)
∗ . (2.2e)
[Tn(r)µ(T, σ), Tn(s)ν(T, σ)] = iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Tn(r)+n(s),δ(T, σ) (2.2f)
T̂ r(M(T , σ)Tn(r)µ(T, σ)Tn(s)ν(T, σ)) = Gn(r)µ;n(s)ν(σ) (2.2g)
g = ⊕Ig
I , Gab = ⊕IkIη
I
ab, fab
c = ⊕If
I
ab
c, Labg = ⊕I
ηabI
2kI +QI
, Ta = ⊕IT
I
a . (2.2h)
Here the quantities G, f, Lg and T are the generalized Killing metric, structure constants,
inverse inertia tensor and representation matrices of the untwisted theory on g. The twisted
tensors G,F ,L and T are the duality transformations (discrete Fourier transforms) of the
corresponding untwisted quantities. Similarly, the twisted data matrixM [6] is the duality
transformation of the data matrix, which records the level kI of each affine g
I and the
Dynkin index of each rep T I .
In Eq. (2.2), the normalization constants χ(σ) are essentially arbitrary and the unitary
matrices (Fourier elements) U(σ) and U(T, σ) solve theH-eigenvalue problems [3, 5, 6, 7, 10]
of orbifold theory:
ω(hσ)a
bU †(σ)b
n(r)µ = U †(σ)a
n(r)µEn(r)(σ), En(r)(σ) = e
−2πi
n(r)
ρ(σ) (2.3a)
W (hσ;T )α
βU †(T, σ)β
N(r)µ = U †(T, σ)α
N(r)µEN(r)(T, σ), EN(r)(T, σ) = e
−2πi
N(r)
R(σ) (2.3b)
E(T, σ)N(r)µ
N(s)ν = δνµδN(r)+N(s),0mod R(σ)EN(r)(T, σ) (2.3c)
σ = 0 . . . Nc − 1 . (2.3d)
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Here the matrices ω(hσ) andW (hσ;T ) are the actions (in the underlying untwisted theory)
of the automorphism hσ ∈ H in the adjoint rep and rep T respectively, and En(r)(σ),
EN(r)(T, σ) are the eigenvalues of ω(hσ),W (hσ;T ). All these quantities are periodic n(r)→
n(r) ± ρ(σ), N(r) → N(r) ± R(σ) in any spectral index, with period equal to the order
ρ(σ) or R(σ) of the corresponding automorphic action ω or W . We denote the pullbacks
to the fundamental ranges by the usual symbols n¯(r), N¯(r).
In the untwisted sector σ = 0, we have
ω(hσ) =W (hσ;T ) = 1l, U(σ) = U(T, σ) = 1l, χ(σ) = 1 (2.4a)
G → G, F → f, L → Lg, T → T (2.4b)
and the system (2.1) and (2.2) reduces to the left-mover sector of the WZW model Ag(H)
with symmetry H ⊂ Aut(g). Except for the H-symmetry of the untwisted theory (which
was modded out to construct the twisted sectors), this is precisely the starting point of
Ref. [23].
The reader should therefore bear in mind that the σ = 0 sectors of our open-string
WZW orbifolds below will agree with all the untwisted results of Ref. [23] – although one
should H-symmetrize the correlators of the untwisted string when it is included as an
orbifold sector in our construction.
For detailed information on particular classes of closed-string WZW orbifolds, we direct
the reader to the following references:
• the WZW permutation orbifolds [6, 7, 9]
• the inner-automorphic WZW orbifolds [6, 9]
• the (outer-automorphic) charge conjugation orbifold on su(n ≥ 3) [7]
• the outer-automorphic WZW orbifolds on so(2n), including the triality orbifolds
on so(8) [10].
Ref. [10] also contains a short review of the program.
2.3 The Twisted Strip Currents and “Locally Twisted WZW”
Given the left-mover data of the previous subsection, we begin our construction of the
open-string orbifold Aopeng (H)/H by defining the twisted left- and right-mover open-string
8
currents on the strip
Jˆ
(±)
n(r)µ(ξ, t, σ) ≡
∑
m∈Z
Jˆn(r)µ(m+
n(r)
ρ(σ) )e
−i(m+
n(r)
ρ(σ) )(t±ξ), 0 ≤ ξ ≤ π (2.5a)
Jˆ
(±)
n(r)µ(−ξ, t, σ) = Jˆ
(∓)(ξ, t, σ) (2.5b)
∂∓Jˆ
(±)(ξ, t, σ) = 0, ∂± = ∂t ± ∂ξ, σ = 0, . . . , Nc − 1 (2.5c)
both of which are constructed from the same set (2.1b) of twisted left-mover current modes.
The strip currents satisfy the following boundary conditions
Jˆ
(+)
n(r)µ(0, t, σ) = Jˆ
(−)
n(r)µ(0, t, σ), Jˆ
(+)
n(r)µ(π, t, σ) = e
−2πi
n(r)
ρ(σ) Jˆ
(−)
n(r)µ(π, t, σ) (2.6)
which are the image on the strip of the monodromy (B.3c) of the corresponding cylinder
current. With the mode expansion (2.5a) and the mode algebra (2.1b), we may compute
the equal-time algebra of the strip currents
[Jˆ
(+)
n(r)µ(ξ, t, σ), Jˆ
(+)
n(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Jˆ
(+)
n(r)+n(s),δ(η, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)
ρ(σ)
(ξ − η) (2.7a)
[Jˆ
(+)
n(r)µ(ξ, t, σ), Jˆ
(−)
n(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Jˆ
(−)
n(r)+n(s),δ(η, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)
ρ(σ)
(ξ + η) (2.7b)
[Jˆ
(−)
n(r)µ(ξ, t, σ), Jˆ
(−)
n(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Jˆ
(−)
n(r)+n(s),δ(η, t, σ)
− δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δ−n(r)
ρ(σ)
(ξ − η) (2.7c)
where G(σ) and F(σ) are the twisted tangent-space metric and twisted structure constants
given explicitly in Eq. (2.2).
The phase-modified Dirac delta functions δn(r)/ρ(σ)(ξ ± η) in Eq. (2.7) are defined as
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follows:
δn(r)
ρ(σ)
(ξ ± η) ≡ e−i
n(r)
ρ(σ)
(ξ±η)δ(ξ ± η) =
1
2π
∑
m∈Z
e
−i(m+
n(r)
ρ(σ) )(ξ±η) = δ
−
n(r)
ρ(σ)
(−ξ ∓ η) (2.8a)
δn(r)±ρ(σ)
ρ(σ)
(ξ ± η) = δn(r)
ρ(σ)
(ξ ± η), δ0(ξ ± η) = δ(ξ ± η) (2.8b)
δn(r)
ρ(σ)
(ξ ± η + 2π) = e
−2πi
n(r)
ρ(σ) δn(r)
ρ(σ)
(ξ ± η) (2.8c)
δ(ξ ± η) ≡
1
2π
∑
m∈Z
e−im(ξ±η), δ(ξ ± η + 2π) = δ(ξ ± η) . (2.8d)
The quantity δn(r)/ρ(σ)(ξ−η) appeared previously in the orbifold geometry of Ref. [11],
but the quantity δn(r)/ρ(σ)(ξ+η) appears for the first time here. We note in particular
that δn(r)/ρ(σ)(ξ+η) has support only at the boundaries of the strip ξ = η = 0 or π. The
reader is referred to App. C for various useful identities involving these phase-modified
delta functions.
Following Ref. [23], we compare the twisted open-string equal-time current algebra (2.7)
on the strip to the twisted closed-string left- and right-mover current algebra (B.4) on the
cylinder under the map:
(strip) Jˆ
(+)
n(r)µ(ξ, t), Jˆ
(−)
n(r)µ(ξ, t)
?
←→ Jˆn(r)µ(ξ, t),
ˆ¯Jn(r)µ(ξ, t) (cylinder) . (2.9)
We find that the two systems disagree by boundary terms in the left/right-mover commu-
tators (B.4c) vs. (2.7b). More importantly, this comparison fails due to the form of the
bulk terms (δn(r)/ρ(σ)(ξ − η) vs. δ−n(r)/ρ(σ)(ξ − η)) in the right/right-mover commutators
(B.4b) vs. (2.7c). We find however a successful comparison when we consider instead the
rectified right-mover currents ˆ¯J ♯ reviewed in App. B:
(strip) Jˆ
(+)
n(r)µ(ξ, t), Jˆ
(−)
n(r)µ(ξ, t) ←→ Jˆn(r)µ(ξ, t),
ˆ¯J ♯n(r)µ(ξ, t) (cylinder) . (2.10)
In this case, the strip current algebra (2.7) is in fact isomorphic in the bulk to the rectified
cylinder current algebra (B.6), the two algebras differing only by terms δn(r)/ρ(σ)(ξ+η) with
support at the boundary.
In Ref. [23], the forms of various untwisted strip algebras were fixed by the requirement
that these algebras must be locally isomorphic in the bulk to the untwisted algebras of
the corresponding closed WZW string. The reason for this “locally WZW” requirement
was that it guaranteed that all local quantities and relations (such as the action density
and equations of motion) were isomorphic in the bulk to the corresponding relations in the
closed WZW string, as expected intuitively [39].
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Following this intuition, Eq. (2.10) tells us that the “locally WZW” requirement of
Ref. [23] must be generalized to a new “locally twisted WZW” requirement for twisted
open strings: All twisted strip algebras must be isomorphic in the bulk to the rectified
twisted algebras of the corresponding closed-string WZW orbifold sector. Drawing on the
rectified closed-string results collected in App. B, and using this requirement to fix certain
results below, we will find that all local quantities and relations in the open-string WZW
orbifold are indeed isomorphic in the bulk to the corresponding relations in the closed-string
WZW orbifold. We note in particular that the locally twisted WZW condition reduces in
untwisted sector σ = 0 to the original locally WZW condition of Ref. [23].
2.4 The Operator Stress Tensors on the Strip
We turn now to the left- and right-mover stress tensors of sector σ of the open-string
orbifold Aopeng (H)/H
Tˆ (±)σ (ξ, t) ≡
1
2π
L
n(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆ
(±)
n(r)µ(ξ, t, σ)Jˆ
(±)
−n(r),ν(ξ, t, σ) :, 0 ≤ ξ ≤ π (2.11a)
=
1
2π
∑
m∈Z
Lσ(m)e
−im(t±ξ) (2.11b)
Tˆ (±)σ (−ξ, t) = Tˆ
(∓)
σ (ξ, t), ∂∓Tˆ
(±)
σ (ξ, t) = 0, σ = 0, . . . , Nc − 1 (2.11c)
which are also constructed from the single left-mover stress tensor Tˆσ(ξ), 0 ≤ ξ ≤ 2π of
closed-string orbifold sector σ. The normal ordering : · : is the same as that shown in
Eq. (2.1). With Eq. (B.10), we note that the forms of the strip stress tensors Tˆ (±) are
locally twisted WZW
Jˆ (+), Jˆ (−), Tˆ (+)σ , Tˆ
(−)
σ ←→ Jˆ ,
ˆ¯J ♯, Tˆσ,
ˆ¯Tσ (2.12)
that is, isomorphic in form to the left- and right-mover stress tensors Tˆ , ˆ¯T of the corre-
sponding closed-string WZW orbifold sector.
The open-string stress tensors satisfy the following boundary conditions
Tˆ (+)σ (ξ, t) = Tˆ
(−)
σ (ξ, t), at ξ = 0, π (2.13)
which are obtained directly from Eq. (2.11b), or equivalently from (2.11a) and the current
boundary conditions (2.6).
The equal-time algebra of the open-string stress tensors
[Tˆ (+)σ (ξ, t), Tˆ
(±)
σ (η, t)] = i
(
(Tˆ (+)σ (ξ, t)+Tˆ
(±)
σ (η, t))−
cg
24π
(∂2ξ + 1)
)
∂ξδ(ξ ∓ η) (2.14a)
[Tˆ (−)σ (ξ, t), Tˆ
(±)
σ (η, t)] =−i
(
(Tˆ (−)σ (ξ, t)+Tˆ
(±)
σ (η, t))−
cg
24π
(∂2ξ + 1)
)
∂ξδ(ξ ± η) (2.14b)
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[Tˆ (+)σ (ξ, t), Jˆ
(±)
n(r)µ(η, t, σ)] = ∓i∂η
(
Jˆ
(±)
n(r)µ(η, t, σ)δ(ξ ∓ η)
)
(2.14c)
[Tˆ (−)σ (ξ, t), Jˆ
(±)
n(r)µ(η, t, σ)] = ∓i∂η
(
Jˆ
(±)
n(r)µ(η, t, σ)δ(ξ ± η)
)
(2.14d)
follows from the commutators in Eqs. (2.1c), (2.1d). It is easily checked that this strip alge-
bra is also locally twisted WZW, that is, locally isomorphic in the bulk to the corresponding
rectified closed-string algebra (B.9).
In each sector σ of Aopeng (H)/H , the Hamiltonian is constructed from the stress tensors
by the usual integration:
Hˆσ= Hˆ
†
σ ≡ Lσ(0) =
∫ π
0
dξ(Tˆ (+)σ (ξ, t) + Tˆ
(−)
σ (ξ, t)) =
=
1
2π
∫ π
0
dξL
n(r)µ;−n(r),ν
gˆ(σ) (σ)( : Jˆ
(+)
n(r)µ(ξ, t, σ)Jˆ
(+)
−n(r),ν(ξ, t, σ)
+Jˆ
(−)
n(r)µ(ξ, t, σ)Jˆ
(−)
−n(r),ν(ξ, t, σ) : ) (2.15a)
σ = 0, . . . , Nc − 1 . (2.15b)
Then we have the open-string equations of motion
∂tAˆ = i[Hˆσ, Aˆ] (2.16a)
∂∓Jˆ
(±)(ξ, t) = ∂∓Tˆ
(±)
σ (ξ, t) = 0 (2.16b)
where the conservation laws in Eq. (2.16b) follow from Eqs. (2.16a) and (2.14).
We may also define the bulk momentum operator
Pˆσ= Pˆ
†
σ≡
∫ π
0
dξ(Tˆ (+)σ (ξ, t)− Tˆ
(−)
σ (ξ, t))
=
1
2π
∫ π
0
dξL
n(r)µ;−n(r),ν
gˆ(σ) (σ)( : Jˆ
(+)
n(r)µ(ξ, t, σ)Jˆ
(+)
−n(r),ν(ξ, t, σ)
−Jˆ
(−)
n(r)µ(ξ, t, σ)Jˆ
(−)
−n(r),ν(ξ, t, σ) : ) (2.17)
in analogy to Ref. [23]. As in the untwisted case, this quantity is not conserved
d
dt
Pˆσ = 2(Tˆ
(+)
σ (π)− Tˆ
(+)
σ (0)) 6= 0 . (2.18)
and it can be checked with Eq. (2.14) that Pˆσ generates −i∂ξ only in the bulk:
i[Pˆσ, Jˆ
(±)
n(r)µ(ξ, t, σ)] = ∂ξ
{
Jˆ
(±)
n(r)µ(ξ, t, σ) 0 < ξ < π,
0 ξ = 0, π .
(2.19)
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More generally, the correct form of ∂ξAˆ for any Aˆ can be obtained from the form of i[Pˆσ, Aˆ]
in the bulk
∂ξAˆ = i[Pˆσ, Aˆ], 0 < ξ < π (2.20)
by smoothly extending this form to the boundary.
We conclude this section with a discussion of the scalar twist-field state |0〉σ
Jˆn(r)µ(m+
n(r)
ρ(σ) ≥ 0)|0〉σ = σ〈0|Jˆn(r)µ(m+
n(r)
ρ(σ) ≤ 0) = 0, σ = 0, . . . , Nc − 1 (2.21)
in sector σ of Aopeng (H)/H . The conformal weight ∆ˆ0(σ) of the scalar twist-field
Lσ(m)
† = Lσ(−m) (2.22a)
(Lσ(m ≥ 0)− δm,0∆ˆ0(σ))|0〉σ = σ〈0|(Lσ(m ≤ 0)− δm,0∆ˆ0(σ)) = 0 (2.22b)
(Hˆσ − ∆ˆ0(σ))|0〉σ = σ〈0|(Hˆσ − ∆ˆ0(σ)) = 0 (2.22c)
∆ˆ0(σ) =
xg/2
xg+ h˜g
∑
r
n¯(r)
2ρ(σ) (1−
n¯(r)
ρ(σ)) dim[n¯(r)] (2.22d)
follows from the defining relations (2.21) and Eq. (A.3a). The general formula for ∆ˆ0(σ) is
given in Eq. (A.3e), while the simplified form given in Eq. (2.22d) holds when the underlying
untwisted theory is permutation-invariant
g = ⊕Ig
I , gI ≃ simple g, kI = k (2.23)
which includes all the basic types of WZW orbifolds. In Eq. (2.22), the quantities h˜g and
xg are respectively the dual Coxeter number of g and the invariant level of affine g, while
dim[n¯(r)] is the degeneracy of the eigenvalue En(r)(σ) in the H-eigenvalue problem (2.2a).
Further evaluation of ∆ˆ0(σ) is given for specific cases in Refs. [6, 7, 9, 10].
3 Classical Description of Twisted Open WZW Strings
We turn next to the classical theory of the open-string WZW orbifold Aopeng (H)/H , begin-
ning with the classical limit of the operator relations above. Using intuition gained from
the classical results of this section, our discussion of the quantum theory will resume in
Sec. 4.
3.1 The Classical Strip Currents and Stress Tensors
The classical (high-level) limit of the theory is obtained from the quantum theory above
by dropping all normal ordering, omitting the central terms in Eq. (2.14) and carrying out
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the following replacements
[ , ]→ { , } (3.1a)
L
n(r)µ;n(s)ν
gˆ(σ) (σ) −→
k →∞
1
2
Gn(r)µ;n(s)ν(σ) (3.1b)
where { , } are (rescaled) Poisson brackets. Here G•(σ) is the inverse of the twisted tangent-
space metric defined in Eq. (2.2a).
This gives for example the classical form of the open-string stress tensors
Tˆ (±)σ (ξ, t) ≡
1
4π
Gn(r)µ;−n(r),ν(σ)Jˆ
(±)
n(r)µ(ξ, t, σ)Jˆ
(±)
−n(r),ν(ξ, t, σ), 0 ≤ ξ ≤ π (3.2a)
Tˆ (+)σ (ξ, t) = Tˆ
(−)
σ (ξ, t) at ξ = 0, π, ∂∓Tˆ
(±)
σ (ξ, t) = 0 (3.2b)
where Jˆ (±) are now the classical strip currents. We list below the remainder of those
classical relations which do not follow directly from the bracket substitution (3.1a) alone:
{Tˆ (+)σ (ξ, t), Tˆ
(±)
σ (η, t)} = i(Tˆ
(+)
σ (ξ, t)+Tˆ
(±)
σ (η, t))∂ξδ(ξ ∓ η) (3.3a)
{Tˆ (−)σ (ξ, t), Tˆ
(±)
σ (η, t)} = −i(Tˆ
(−)
σ (ξ, t)+Tˆ
(±)
σ (η, t))∂ξδ(ξ ± η) (3.3b)
Hˆσ =
∫ π
0
dξ(Tˆ (+)σ (ξ, t) + Tˆ
(−)
σ (ξ, t)) (3.4a)
=
1
4π
∫ π
0
dξGn(r)µ;−n(r),ν(σ)
(
Jˆ
(+)
n(r)µ(ξ, t)Jˆ
(+)
−n(r),ν(ξ, t)+Jˆ
(−)
n(r)µ(ξ, t)Jˆ
(−)
−n(r),ν(ξ, t)
)
Pˆσ =
∫ π
0
dξ(Tˆ (+)σ (ξ, t)− Tˆ
(−)
σ (ξ, t)) (3.4b)
=
1
4π
∫ π
0
dξ Gn(r)µ;−n(r),ν(σ)
(
Jˆ
(+)
n(r)µ(ξ, t)Jˆ
(+)
−n(r),ν(ξ, t)−Jˆ
(−)
n(r)µ(ξ, t)Jˆ
(−)
−n(r),ν(ξ, t)
)
In particular, the equal-time current algebra (2.7) and the Hamiltonian equations of motion
in Eqs. (2.16), (2.18) have the same form in the classical theory.
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3.2 Phase-Space Realization of the Strip Currents
To go beyond a theory of currents, we now postulate the following phase-space realization
[23] of the twisted strip currents at time t:
Jˆ
(+)
n(r)µ(ξ) ≡ Jˆ
(+)
n(r)µ(ξ, t, σ) (3.5a)
≡ 2πeˆ−1(xˆ(ξ))n(r)µ
n(t)δ pˆn(t)δ(Bˆ, ξ) +
1
2
∂ξxˆ
n(t)δ
σ (ξ)eˆ(xˆ(ξ))n(t)δ
n(s)νGn(s)ν;n(r)µ(σ)
Jˆ
(−)
n(r)µ(ξ) ≡ Jˆ
(−)
n(r)µ(ξ, t, σ) (3.5b)
≡ 2π ˆ¯e
−1
(xˆ(ξ))n(r)µ
n(t)δ pˆn(t)δ(Bˆ, ξ)−
1
2
∂ξxˆ
n(t)δ
σ (ξ) ˆ¯e(xˆ(ξ))n(t)δ
n(s)νGn(s)ν;n(r)µ(σ)
pˆn(r)µ(Bˆ, ξ) ≡ pˆ
σ
n(r)µ +
1
4π
Bˆn(r)µ;n(s)ν(xˆ(ξ))∂ξxˆ
n(s)ν
σ (ξ) (3.5c)
σ = 0, . . . , Nc − 1 . (3.5d)
Here {xˆσ} is a set of Einstein coordinates and {pˆ
σ} is a set of momenta which are expected
to be canonically conjugate to xˆσ in the bulk. The twisted vielbeins eˆ, ˆ¯e and twisted B field
Bˆ which appear in (3.5) are defined in terms of so-called group orbifold elements gˆ:
gˆ(T , ξ, t, σ) = eixˆ
n(r)µ
σ (ξ,t)Tn(r)µ(T,σ) (3.6a)
eˆn(r)µ(T ) ≡ −igˆ
−1(T )∂ˆn(r)µgˆ(T ) ≡ eˆn(r)µ
n(s)νTn(s)ν , ∂ˆn(r)µ(ξ) ≡
∂
∂xˆn(r)µ(ξ)
(3.6b)
ˆ¯en(r)µ(T ) ≡ −igˆ(T )∂ˆn(r)µgˆ
−1(T ) ≡ ˆ¯en(r)µ
n(s)νTn(s)ν (3.6c)
eˆn(r)µ
n(t)δ eˆ−1n(t)δ
n(s)ν = ˆ¯en(r)µ
n(t)δ ˆ¯e
−1
n(t)δ
n(s)ν = δn(r)µ
n(s)ν = δνµδn(r)−n(s),0mod ρ(σ) (3.6d)
Hˆn(r)µ;n(s)ν;n(t)δ(xˆ) ≡ ∂ˆn(r)µBˆn(s)ν;n(t)δ(xˆ)+∂ˆn(s)νBˆn(t)δ;n(r)µ(xˆ)+∂ˆn(t)δBˆn(r)µ;n(s)ν(xˆ)
= −iT̂ r
(
M(T , σ)eˆn(r)µ(T , xˆ)[eˆn(s)ν(T , xˆ), eˆn(t)δ(T , xˆ)]
)
(3.6e)
= eˆ(xˆ)n(r)µ
n(r′)µ′ eˆ(xˆ)n(s)ν
n(s′)ν′ eˆ(xˆ)n(t)δ
n(t′)δ′Fn(r′)µ′;n(s′)ν′;n(t′)δ′(σ) . (3.6f)
As in closed-string orbifold theory, the group orbifold element gˆ(T , ξ, t, σ) is locally a
group element, where the group is generated by the orbifold Lie algebra (2.2f) of twisted
representation matrices T . Moreover, we have chosen eˆ(0) = 1l, ˆ¯e(0) = −1l. The totally
antisymmetric twisted structure constants F•(σ) in (3.6f) are constructed by lowering the
last index of F(σ) using the twisted metric G•(σ).
Here we have generalized the strategy of Ref. [23] by modelling the realizations in
Eq. (3.5) after the known phase-space realizations of Jˆ and ˆ¯J in closed-string WZW orbifold
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theory [11], where the same geometric quantities and relations (3.6) also appear. However,
as we will see below, the time dependence of these quantities in the open-string orbifolds
is not the same as that in the closed-string orbifolds.
The phase-space form of the Hamiltonian
Hˆσ =
∫ π
0
dξHˆσ(xˆ(ξ), pˆ(ξ)), σ = 0, . . . , Nc − 1 (3.7a)
Hˆσ(xˆ(ξ), pˆ(ξ))=
1
4π
Gn(r)µ;n(s)ν(σ)
(
Jˆ
(+)
n(r)µ(ξ, t)Jˆ
(+)
n(s)ν(ξ, t)+Jˆ
(−)
n(r)µ(ξ, t)Jˆ
(−)
n(s)ν(ξ, t)
)
= 2πGˆn(r)µ;n(s)ν(xˆ)pˆn(r)µ(Bˆ)pˆn(s)ν(Bˆ)+
1
8π
∂ξxˆ
n(r)µ
σ ∂ξxˆ
n(s)ν
σ Gˆn(r)µ;n(s)ν(xˆ) (3.7b)
Gˆn(r)µ;n(s)ν(xˆ) ≡ eˆn(r)µ
n(t)δ eˆn(s)ν
n(u)ǫGn(t)δ;n(u)ǫ(σ) = ˆ¯en(r)µ
n(t)δ ˆ¯en(s)ν
n(u)ǫGn(t)δ;n(u)ǫ(σ) (3.7c)
Gˆn(r)µ;n(s)ν(xˆ) ≡ Gn(t)δ;n(u)ǫ(σ)eˆ−1n(t)δ
n(r)µeˆ−1n(u)ǫ
n(s)ν (3.7d)
Gˆn(r)µ;n(t)δ(xˆ)Gˆ
n(t)δ;n(s)ν(xˆ) = δn(r)µ
n(s)ν (3.7e)
follows from Eq. (3.4a) and the phase-space realization. In Eq. (3.7), the quantities Gˆ• and
Gˆ• are the twisted Einstein metric and its inverse respectively. More general phase-space
realizations of the currents, with the same Hamiltonian (i. e. T-dual formulations), will be
discussed in a future paper.
As another application of the phase-space realization (3.5), we obtain the following
boundary conditions in terms of the phase-space variables
4π( ˆ¯e
−1
n(r)µ
n(s)ν − eˆ−1n(r)µ
n(s)ν)pˆn(s)ν(Bˆ) =
= ∂ξxˆ
n(s)ν
σ ( ˆ¯en(s)ν
n(t)δ + eˆn(s)ν
n(t)δ)Gn(t)δ;n(r)µ(σ) at ξ = 0 (3.8a)
4π(e
−2πi
n(r)
ρ(σ) ˆ¯e
−1
n(r)µ
n(s)ν − eˆ−1n(r)µ
n(s)ν)pˆn(s)ν(Bˆ) =
= ∂ξxˆ
n(s)ν
σ (e
−2πi
n(r)
ρ(σ) ˆ¯en(s)ν
n(t)δ + eˆn(s)ν
n(t)δ)Gn(t)δ;n(r)µ(σ) at ξ = π. (3.8b)
from the current boundary conditions in Eq. (2.6).
3.3 The Brackets of Jˆ (±) with xˆ
In the method of Ref. [23], all phase-space brackets are obtained by solving partial differen-
tial equations derived from the current algebra and the postulated phase-space realization
of the currents.
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Following this method, we begin our analysis of the open-string phase-space brackets
by writing down the so-called inverse relations
∂ξxˆ
n(r)µ
σ (ξ) = Jˆ
(+)
n(s)ν(ξ)G
n(s)ν;n(t)δ(σ)eˆ−1(ξ)n(t)δ
n(r)µ
− Jˆ
(−)
n(s)ν(ξ)G
n(s)ν;n(t)δ(σ) ˆ¯e
−1
(ξ)n(t)δ
n(r)µ, 0 ≤ ξ ≤ π (3.9a)
pˆn(r)µ(Bˆ, ξ) =
1
4π
(
eˆ(ξ)n(r)µ
n(s)ν Jˆ
(+)
n(s)ν(ξ) + ˆ¯e(ξ)n(r)µ
n(s)ν Jˆ
(−)
n(s)ν(ξ)
)
(3.9b)
which follow directly from the phase-space realization in Eq. (3.5). We also give the spatial
derivative of gˆ
∂ξgˆ(T , ξ) = ∂ξxˆ
n(r)µ
σ ∂ˆn(r)µgˆ(T , ξ) = i
(
gˆ(T , ξ)Jˆ (+)(T , ξ) + Jˆ (−)(T , ξ)gˆ(T , ξ)
)
(3.10a)
Jˆ (±)(T , ξ) ≡ Jˆ
(±)
n(r)µ(ξ)G
n(r)µ;n(s)ν(σ)Tn(s)ν (3.10b)
Jˆ
(±)
n(r)µ(ξ) = T̂ r
(
M(T , σ)Jˆ (±)(T , ξ)Tn(r)µ
)
(3.10c)
which follows via the chain rule from Eqs. (3.9) and (3.6).
In analogy with Eq. (4.3) of Ref. [23], we may now derive differential equations for the
{Jˆ , xˆ} bracket
∂η{Jˆ
(+)
n(r)µ(ξ, t, σ), xˆ
n(s)ν
σ (η, t)} = {Jˆ
(+)
n(r)µ(ξ, t, σ), ∂ηxˆ
n(s)ν
σ (η, t)}
= {Jˆ (+)(ξ), Jˆ (+)(η)G•(σ)eˆ−1(η)− Jˆ (−)(η)G•(σ) ˆ¯e
−1
(η)} (3.11a)
=2pii
(
Fn(r)µ;n(t)δ
n(u)ǫ(σ)Jˆ
(+)
n(u)ǫ(η)+Gn(r)µ;n(t)δ(σ)∂ξ
)
×
×δn(r)
ρ(σ)
(ξ−η)Gn(t)δ;n(v)κ(σ)eˆ−1(η)n(v)κ
n(s)ν
−2pii
(
Fn(r)µ;n(t)δ
n(u)ǫ(σ)Jˆ
(−)
n(u)ǫ(η)+Gn(r)µ;n(t)δ(σ)∂ξ
)
×
×δn(r)
ρ(σ)
(ξ+η)Gn(t)δ;n(v)κ(σ) ˆ¯e
−1
(η)n(v)κ
n(s)ν
+{Jˆ
(+)
n(r)µ(ξ), xˆ
n(t)δ
σ (η)}(∂ˆn(t)δ eˆ
−1(η)n(u)ǫ
n(s)νGn(u)ǫ;n(v)κ(σ)Jˆ
(+)
n(v)κ(η)
−∂ˆn(t)δ ˆ¯e
−1
(η)n(u)ǫ
n(s)νGn(u)ǫ;n(v)κ(σ)Jˆ
(−)
n(v)κ(η)) (3.11b)
where we have used the twisted current algebra (2.7), Eq. (3.9a) and the chain rule. The
corresponding differential equation for the bracket {Jˆ (−)(ξ), xˆ(η)} can be obtained by re-
placing ξ → −ξ everywhere in Eq. (3.11).
We wish to find a solution of these differential equations which is both locally twisted
WZW and consistent with the strip boundary conditions for Jˆ (±)(ξ) in Eq. (2.6). A natural
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candidate for the solution is:
{Jˆ
(+)
n(r)µ(ξ, t, σ), xˆ
n(s)ν
σ (η, t)} =
− 2πi(eˆ−1(η)n(r)µn(s)νδn(r)
ρ(σ)
(ξ−η)+ ˆ¯e
−1
(η)n(r)µ
n(s)νδn(r)
ρ(σ)
(ξ+η)) (3.12a)
{Jˆ
(−)
n(r)µ(ξ, t, σ), xˆ
n(s)ν
σ (η, t)} =
− 2πi( ˆ¯e−1(η)n(r)µn(s)νδ−n(r)
ρ(σ)
(ξ−η)+eˆ−1(η)n(r)µ
n(s)νδ
−
n(r)
ρ(σ)
(ξ+η)) (3.12b)
σ = 0, . . . , Nc − 1 . (3.12c)
According to Eqs. (B.13d,e) and the concluding paragraph of App. B, this candidate solu-
tion is locally twisted WZW. Moreover this candidate is consistent with the strip boundary
conditions (2.6) because the relations
δn(r)
ρ(σ)
(−η) = δ
−
n(r)
ρ(σ)
(η), δn(r)
ρ(σ)
(π ∓ η) = e
−2πi
n(r)
ρ(σ) δ
−
n(r)
ρ(σ)
(π ± η) (3.13)
follow from the definition of the phase-modified delta functions.
Finally, one finds after considerable algebra that the candidate in Eq. (3.12) indeed
solves the differential equations. To verify this, one inserts both Eq. (3.12) and the phase-
space form (3.5) of Jˆ (±) into Eq. (3.11), following a line similar to the corresponding
untwisted computation in Ref. [23]. In particular, the reader will find the following identities
useful:
ˆ¯en(r)µ
n(s)ν = −eˆn(r)µ
n(t)δΩˆn(t)δ
n(s)ν (3.14a)
eˆ−1n(r)µ
n(u)ǫ∂ˆn(u)ǫΩˆn(s)ν
n(t)δ = −Fn(r)µ;n(s)ν
n(u)ǫ(σ)Ωˆn(u)ǫ
n(t)δ (3.14b)
ˆ¯e−1n(r)µ
n(u)ǫ∂ˆn(u)ǫΩˆn(s)ν
n(t)δ = −Ωˆn(s)ν
n(u)ǫFn(u)ǫ;n(r)µ
n(t)δ(σ) (3.14c)
Ωˆn(r)µ
n(t)δΩˆn(s)ν
n(u)ǫGn(t)δ;n(u)ǫ(σ) = Gn(r)µ;n(s)ν(σ) (3.14d)
Ωˆn(r)µ
n(u)ǫΩˆn(s)ν
n(v)κFn(u)ǫ;n(v)κ
n(t)δ(σ) = Fn(r)µ;n(s)ν
n(u)ǫ(σ)Ωˆn(u)ǫ
n(t)δ (3.14e)
ˆ¯en(r)µ
n(u)ǫ ˆ¯en(s)ν
n(v)κFn(u)ǫ;n(v)κ
n(w)λ(σ)ˆ¯e−1n(w)λ
n(t)δ
= −eˆn(r)µ
n(u)ǫeˆn(s)ν
n(v)κFn(u)ǫ;n(v)κ
n(w)λ(σ)eˆ−1n(w)λ
n(t)δ (3.14f)
∂ˆn(r)µeˆn(s)ν
n(t)δ − ∂ˆn(s)ν eˆn(r)µ
n(t)δ = eˆn(r)µ
n(u)ǫeˆn(s)ν
n(v)κFn(u)ǫ;n(v)κ
n(t)δ(σ) (3.14g)
eˆ−1n(r)µ
n(t)δ ∂ˆn(t)δ eˆ
−1
n(s)ν
n(u)ǫ − eˆ−1n(s)ν
n(t)δ ∂ˆn(t)δ eˆ
−1
n(r)µ
n(u)ǫ = Fn(s)ν;n(r)µ
n(t)δ(σ)eˆ−1n(t)δ
n(u)ǫ . (3.14h)
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In this list, the quantity Ωˆ is the twisted adjoint action
gˆ(T , ξ, t, σ)Tn(r)µgˆ
−1(T , ξ, t, σ) ≡ Ωˆ(xˆ(ξ))n(r)µ
n(s)νTn(s)ν (3.15)
and the relations (3.14g,h) are respectively the twisted Cartan-Maurer and inverse twisted
Cartan-Maurer identities (the CM identities also hold for eˆ → ˆ¯e). These identities and
others of this type also appear in the geometry [11] of closed-string WZW orbifolds.
The general solution of the inhomogeneous differential equations contains an additional
term which satisfies the corresponding homogeneous equations, but (as in Ref. [23]) one
finds that such a term would violate the requirement that the strip algebra is locally twisted
WZW.
In the solution (3.12), the extra boundary terms proportional to δ
±
n(r)
ρ(σ)
(ξ + η) can be
interpreted with Ref. [23] as the interaction of a non-abelian charge at ξ with a non-abelian
image charge at −η.
As an application of the {Jˆ , xˆ} brackets, we may now use the chain rule and Eqs. (3.6b,c)
to obtain the brackets of the twisted strip currents with the group orbifold elements
{Jˆ
(+)
n(r)µ(ξ, t, σ), gˆ(T , η, t, σ)} =2π((gˆ(T , η)Tn(r)µδn(r)
ρ(σ)
(ξ−η)
− Tn(r)µgˆ(T , η)δn(r)
ρ(σ)
(ξ+η)) (3.16a)
{Jˆ
(−)
n(r)µ(ξ, t, σ), gˆ(T , η, t, σ)} =2π(− Tn(r)µgˆ(T , η)δ−n(r)
ρ(σ)
(ξ−η)
+ gˆ(T , η)Tn(r)µδ−n(r)
ρ(σ)
(ξ+η)) (3.16b)
and we have checked with Eqs. (2.7) and (2.2f) that all Jˆ , Jˆ , gˆ bracket Jacobi identities for
this algebra are satisfied. We note in App. B that the result (3.16) is also locally twisted
WZW, that is, isomorphic in the bulk to the corresponding rectified WZW orbifold result
(B.14).
The result (3.16) is easily quantized because it is linear in gˆ, and the operator form of
this result will play a central role in our discussion of the quantum theory of open-string
WZW orbifolds (see Sec. 4).
Finally, using the integral identities (C.3) and the {Jˆ , gˆ} brackets in Eq. (3.16), we may
19
also compute the action of the bulk momentum (3.4b) on the group orbifold elements
i{Pˆσ(t), gˆ(T , ξ, t)} =
=
{
i(gˆ(T , ξ, t)Jˆ (+)(T , ξ, t) + Jˆ (−)(T , ξ, t)gˆ(T , ξ, t)) for 0 < ξ < π
0 for ξ = 0, π
(3.17)
and we note that this result agrees in the bulk with the form of ∂ξ gˆ given in Eq. (3.10a).
3.4 Coordinate Space
We now move to coordinate space, beginning with the computation of ∂txˆσ:
∂txˆ
n(r)µ
σ (ξ, t) = i{Hˆσ(t), xˆ
n(r)µ
σ (ξ, t)}
=Gn(s)ν;n(t)δ(σ)
(
eˆ−1(ξ)n(s)ν
n(r)µJˆ
(+)
n(t)δ(ξ) + ˆ¯e
−1
(ξ)n(s)ν
n(r)µJˆ
(−)
n(t)δ(ξ)
)
(3.18a)
= 4πGˆn(r)µ;n(s)ν(xˆ(ξ, t))pˆn(s)ν(Bˆ, ξ, t) (3.18b)
pˆn(r)µ(Bˆ, ξ, t) =
1
4π
Gˆn(r)µ;n(s)ν(xˆ(ξ, t))∂txˆ
n(s)ν
σ (ξ, t) . (3.18c)
Here we have used the form of the Hamiltonian in Eq. (3.7) and the {Jˆ , xˆ} brackets (3.12),
as well as Eqs. (C.3), (3.7c) and (3.9b). These relations between ∂txˆσ and pˆ(Bˆ) are locally
twisted WZW, i. e. they are the same as those found in closed-string WZW orbifold theory
[11]. This is not surprising because the locally twisted WZW requirement also played
a role in determining the form (3.12) of the {Jˆ , xˆ} brackets‡3, which were used in this
computation.
As an application of the result (3.18a), we use the chain rule and Eq. (3.6) to derive an
equation for the time derivative of the group orbifold element
∂tgˆ(T , ξ, t, σ) = i
(
gˆ(T , ξ, t, σ)Jˆ (+)(T , ξ, t, σ)− Jˆ (−)(T , ξ, t, σ)gˆ(T , ξ, t, σ)
)
(3.19a)
∂ξ gˆ(T , ξ, t, σ) = i
(
gˆ(T , ξ, t, σ)Jˆ (+)(T , ξ, t, σ) + Jˆ (−)(T , ξ, t, σ)gˆ(T , ξ, t, σ)
)
(3.19b)
∂+gˆ(T , ξ, t, σ) = 2igˆ(T , ξ, t.σ)Jˆ
(+)(T , ξ, t, σ) (3.19c)
∂−gˆ(T , ξ, t, σ) = −2iJˆ
(−)(T , ξ, t, σ)gˆ(T , ξ, t, σ) (3.19d)
where the matrix currents Jˆ (±)(T ) are defined in Eq. (3.10b). For symmetry, we have also
included the corresponding spatial derivative (3.10a) of gˆ. Note that these equations of
‡3In fact, the locally twisted WZW property of the results (3.18) tells us that our solution (3.12) for
{Jˆ , xˆ} is a posteriori correct – even without consideration of the rectification problem (see App. B).
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motion are the same as those of closed-string WZW orbifold theory [6, 11] and hence are
locally twisted WZW.
Similarly, we may substitute Eq. (3.18c) into the phase-space realization (3.5) to obtain
the coordinate-space form of the twisted strip currents:
Jˆ
(+)
n(r)µ(ξ, t, σ) =
1
2
∂+xˆ
n(s)ν
σ (ξ, t)eˆ(ξ, t)n(s)ν
n(t)δGn(t)δ;n(r)µ(σ) (3.20a)
Jˆ
(−)
n(r)µ(ξ, t, σ) =
1
2
∂−xˆ
n(s)ν
σ (ξ, t) ˆ¯e(ξ, t)n(s)ν
n(t)δGn(t)δ;n(r)µ(σ) (3.20b)
Jˆ (+)(T , ξ, t, σ) = −
i
2
gˆ−1(T , ξ, t, σ)∂+gˆ(T , ξ, t, σ) (3.20c)
Jˆ (−)(T , ξ, t, σ) = −
i
2
gˆ(T , ξ, t, σ)∂−gˆ
−1(T , ξ, t, σ) (3.20d)
∂−
(
gˆ−1(T )∂+gˆ(T )
)
= ∂+
(
gˆ(T )∂−gˆ
−1(T )
)
= 0 . (3.20e)
The relations in Eqs. (3.20c,d) may also be obtained by inverting Eqs. (3.19c,d). The results
in Eq. (3.20e) follow from Eqs. (3.20c,d) and the conservation (2.5c) of the currents.
We may also define a bulk Lagrange density for each twisted open WZW string by the
usual Legendre transformation
Lˆσ ≡ ∂txˆ
n(r)µ
σ pˆn(r)µ − Hˆσ
=
1
8π
(Gˆn(r)µ;n(s)ν+Bˆn(r)µ;n(s)ν)∂+xˆ
n(r)µ
σ ∂−xˆ
n(s)ν
σ , 0 < ξ < π (3.21a)
1
8π
Gˆn(r)µ;n(s)ν∂+xˆ
n(r)µ
σ ∂−xˆ
n(s)ν
σ = −
1
8π
T̂ r
(
M(T , σ)gˆ−1(T )∂+gˆ(T )gˆ
−1(T )∂−gˆ(T )
)
(3.21b)
where Hσ is the Hamiltonian density in Eq. (3.7b), and M(T , σ) in Eq. (3.21b) is the
twisted data matrix encountered in Eq. (2.2g). As expected, this Lagrange density is
locally twisted WZW, i. e. isomorphic in the bulk to the twisted sigma model form of the
closed-string WZW orbifold Lagrange density [11].
A complete action formulation of untwisted open WZW strings (in terms of group el-
ements and extra boundary variables) was given in Ref. [40], but the complete action
formulation of the basic class of twisted open WZW strings is an open problem. We note
in passing, however, that the complete action formulation is in fact known for the twisted
open-string sectors of the WZW orientation orbifolds [17]. This action is expressed in terms
of group orbifold elements alone on the solid half cylinder, but we remind the reader that
the open-string orientation orbifold sectors are not included in the basic class of twisted
open strings.
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3.5 The Generalized WZW Branes of Aopeng (H)/H
Using Eq. (3.18c), we find that the phase-space form (3.8) of the boundary conditions can
be written in the following two coordinate-space forms
Jˆ
(+)
n(r)µ(0, t, σ) = Jˆ
(−)
n(r)µ(0, t, σ), Jˆ
(+)
n(r)µ(π, t, σ) = e
−2πi
n(r)
ρ(σ) Jˆ
(−)
n(r)µ(π, t, σ) (3.22)
∂txˆ
n(r)µ
σ (ξ, t)( ˆ¯e(ξ, t)n(r)µn(s)ν − eˆ(ξ, t)n(r)µn(s)ν)
= ∂ξxˆ
n(r)µ(ξ, t)( ˆ¯e(ξ, t)n(r)µn(s)ν + eˆ(ξ, t)n(r)µn(s)ν) at ξ = 0 (3.23a)
∂txˆ
n(r)µ
σ (ξ, t)(e
2πi
n(s)
ρ(σ) ˆ¯e(ξ, t)n(r)µ
n(s)ν − eˆ(ξ, t)n(r)µ
n(s)ν)
= ∂ξxˆ
n(r)µ(ξ, t)(e2πi
n(s)
ρ(σ) ˆ¯e(ξ, t)n(r)µ
n(s)ν + eˆ(ξ, t)n(r)µ
n(s)ν) at ξ = π (3.23b)
where the form in Eq. (3.22) appeared earlier in Eq. (2.6). The equivalence of Eqs. (3.22)
and (3.23) also follows directly from Eq. (3.20).
These coordinate-space boundary conditions can be reexpressed in terms of the matrix
currents and/or the group orbifold elements:
Jˆ (+)(T , 0, t, σ)= Jˆ (−)(T , 0, t, σ), Jˆ (+)(T , π, t, σ)=E(T, σ)Jˆ (−)(T , π, t, σ)E(T, σ)∗ (3.24a)
gˆ−1(T , ξ, t, σ)∂+gˆ(T , ξ, t, σ)
=
{
gˆ(T , ξ, t, σ)∂−gˆ
−1(T , ξ, t, σ) at ξ = 0
E(T, σ)gˆ(T , ξ, t, σ)∂−gˆ
−1(T , ξ, t, σ)E(T, σ)∗ at ξ = π
(3.24b)
σ = 0, . . . , Nc − 1 . (3.24c)
These results follow from Eqs. (3.10b), (3.20c,d), (3.22) and the selection rule (2.2e) for
the twisted representation matrices. We remind that E(T, σ) is the eigenvalue matrix of
the extended H-eigenvalue problem in Eq. (2.3).
The first part of Eq. (3.24b) tells us that each twisted open WZW string ends at ξ = 0
on an ordinary WZW brane [39, 23]. The second part of Eq. (3.24b) tells us however that
the open string ends at ξ = π on what may be called a generalized WZW brane – different
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from the ordinary WZW brane at ξ = 0. Indeed, the twisting of our open WZW strings
can be understood as a consequence of having different branes at each end of the string‡4.
We also give the form of the generalized WZW branes in terms of matrix elements(
gˆ−1(T , ξ, t, σ)∂+gˆ(T , ξ, t, σ)
)
N(r)µ
N(s)ν
=
{
(gˆ(T , ξ, t, σ)∂−gˆ
−1(T , ξ, t, σ))N(r)µ
N(s)ν at ξ = 0
e−2πi
N(r)−N(s)
R(σ) (gˆ(T , ξ, t, σ)∂−gˆ
−1(T , ξ, t, σ))N(r)µ
N(s)ν at ξ = π
(3.25)
where we have used the form of E(T, σ) in Eq. (2.3) and the fact that the index structure
of gˆ(T ) is the same as that of T .
The description of the generalized WZW branes in Eqs. (3.24), (3.25) is a central result
of this paper.
As an explicit example, we give the matrix element form of the branes in sector σ of
the general open-string WZW permutation orbifold:
n(r)µ→ jˆaj, N(r)µ→ jˆαj, n(r)ρ(σ) =
N(r)
R(σ) =
jˆ
fj(σ)
(3.26a)
Tjˆaj(T, σ) = Tatjˆj(σ), tjˆj(σ)lˆl
mˆm = δjlδl
mδjˆ+lˆ−mˆ,0mod fj(σ) (3.26b)
[Ta, Tb] = ifab
cTc, tjˆj(σ)tlˆl(σ) = δjltjˆ+lˆ,j(σ) (3.26c)
gˆ(T , ξ, t, σ)jˆαj
lˆβl = δj
lgˆj(T , ξ, t, σ)jˆα
lˆβ (3.26d)(
gˆ−1(T , ξ, t, σ)∂+gˆ(T , ξ, t, σ)
)
jˆαj
lˆβl = δj
l
(
gˆ−1j (T , ξ, t, σ)∂+gˆj(T , ξ, t, σ)
)
jˆα
lˆβ
= δj
l

(
gˆj(T , ξ, t, σ)∂−gˆ
−1
j (T , ξ, t, σ)
)
jˆα
lˆβ at ξ = 0
e
−2πi jˆ−lˆ
fj(σ)
(
gˆj(T , ξ, t, σ)∂−gˆ
−1
j (T , ξ, t, σ)
)
jˆα
lˆβ at ξ = π
(3.26e)
g = ⊕Ig
I , gI ≃ g, T I ≃ T (3.26f)
a = 1, . . . , dim g, α = 1, . . . , dim T, ¯ˆj = 0, . . . , fj(σ)−1, σ = 0, . . . , Nc − 1 . (3.26g)
Here T is any irrep of Lie g which labels an integrable irrep at level k of affine g. This
twisted open string is obtained when we appropriate our initial data from sector σ of the
general closed-string WZW permutation orbifold [6, 7, 9] on semisimple g. In this case, the
‡4The prototype of this situation – a twisted open string with Neumann boundary conditions at one end
and Dirichlet at the other – was first studied by Siegel in Ref. [41].
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twisted current algebra of sector σ
[Jˆjˆaj(m+
jˆ
fj(σ)
), Jˆlˆbl(n+
lˆ
fl(σ)
)] = δjl(ifabcJˆjˆ+lˆ,cj(m+n+ jˆ+lˆfj(σ) ) +
+ ηabkfj(σ)(m+
jˆ
fj(σ)
)δ
m+n+ jˆ+lˆ
fj (σ)
,0
) (3.27)
is known as a general orbifold affine algebra [1,3,5-7,9]. The results (3.26), (3.27) are given
in the cycle notation for permutation orbifolds [7, 9], where fj(σ) is the length of cycle j
and jˆ labels the position in each cycle, e. g. :
Zλ : fj(σ)=ρ(σ),
¯ˆj = 0, . . . , ρ(σ)−1, j = 0, . . . , λρ(σ)−1, σ = 0, . . . , ρ(σ)−1 (3.28a)
Zλ, λ = prime : ρ(σ) = λ,
¯ˆj=0, . . . , λ−1, j=0, σ = 1, . . . , λ− 1 (3.28b)
SN : fj(σ) = σj , σj+1 ≤ σj , j = 0, . . . , n(~σ)− 1,
n(~σ)−1∑
j=0
σj = N . (3.28c)
The cycle-diagonal form of the group orbifold element gˆ in Eq. (3.26d) follows as in Ref. [9]
from the form of T in Eq. (3.26b) and the exponential form (3.6a).
Similarly, the explicit data [6, 7, 9, 10] for the various closed-string orbifolds on simple
g can be substituted in Eq. (3.24b) to obtain the branes of the corresponding open-string
WZW orbifolds.
3.6 The Non-Commutative Geometry of Aopeng (H)/H
In this subsection, we continue our phase-space construction to determine the equal-time
coordinate brackets
∆ˆn(r)µ;n(s)νσ (ξ, η) ≡ ∆ˆ
n(r)µ;n(s)ν(ξ, η, t, σ) = {xˆn(r)µσ (ξ, t), xˆ
n(s)ν
σ (η, t)} (3.29)
which will generalize the open-string non-commutative geometry of Ref. [23].
To begin, we use the inverse relations (3.9) and the {Jˆ , xˆ} brackets (3.12) to find the
following partial differential equation for ∆ˆσ:
∂η∆ˆ
n(r)µ;n(s)ν
σ (ξ, η)
=2πiGn(t)δ;n(u)ǫ(σ)(ˆ¯e−1(ξ)n(t)δn(r)µeˆ−1(η)n(u)ǫn(s)ν
− eˆ−1(ξ)n(u)ǫ
n(r)µ ˆ¯e−1(η)n(t)δ
n(s)ν)δ n(t)
ρ(σ)
(ξ+η) +∆ˆn(r)µ;n(t)δσ (ξ, η)Λˆσ(η)n(t)δ
n(s)ν (3.30a)
= 2πiΨˆn(r)µ;n(s)νσ (ξ, η)δ(ξ + η) + ∆ˆ
n(r)µ;n(t)δ
σ (ξ, η)Λˆσ(η)n(t)δ
n(s)ν (3.30b)
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Ψˆn(r)µ;n(s)νσ (ξ, η) ≡ Ψˆ
n(r)µ;n(s)ν(ξ, η, t, σ) (3.30c)
= Gn(t)δ;n(u)ǫ(σ)e−i
n(t)
ρ(σ)
(ξ+η)×
×
(
ˆ¯e−1(ξ)n(t)δ
n(r)µeˆ−1(η)n(u)ǫ
n(s)ν− eˆ−1(ξ)n(u)ǫ
n(r)µ ˆ¯e−1(η)n(t)δ
n(s)ν
)
Λˆσ(η)n(t)δ
n(s)ν ≡ Λˆ(η, t, σ)n(t)δ
n(s)ν
= Gn(u)ǫ;n(v)κ(σ)
(
Jˆ
(+)
n(u)ǫ(η)∂ˆn(t)δ eˆ
−1(η)n(v)κ
n(s)ν−Jˆ
(−)
n(u)ǫ(η)∂ˆn(t)δ ˆ¯e
−1(η)n(v)κ
n(s)ν
)
. (3.30d)
The corresponding ∂η∆ˆσ equation is obtained from this result by noting that the bracket
∆ˆσ is totally anti-symmetric under the exchange ξ ↔ η, n(r)µ↔ n(s)ν.
In a compact matrix notation [23], these PDEs read
∂η∆ˆσ(ξ, η) = 2πiΨˆσ(ξ, η)δ(ξ + η) + ∆ˆσ(ξ, η)Λˆσ(η) (3.31a)
∂ξ∆ˆσ(ξ, η) = 2πiΨˆσ(ξ, η)δ(ξ + η) + Λˆ
t
σ(ξ)∆ˆσ(ξ, η) (3.31b)
Ψˆtσ(η, ξ) = −Ψˆσ(ξ, η) (3.31c)
where t is matrix transpose. The integrability condition for this system is:
∂ξ∂η∆ˆσ(ξ, η) = ∂η∂ξ∆ˆσ(ξ, η) iff (3.32a)(
∂ηΨˆσ(ξ, η)− Ψˆσ(ξ, η)Λˆσ(η)
)
δ(ξ + η) =
(
∂ξΨˆσ(ξ, η)− Λˆ
t
σ(ξ)Ψˆσ(ξ, η)
)
δ(ξ + η) . (3.32b)
Using the definitions of Ψˆ and Λˆ in (3.30), the phase-space realization (3.5) of the strip
currents and the identities in (3.14), we have been able to confirm (after considerable
algebra) that the integrability condition is satisfied. The inhomogeneous terms in Eq. (3.31)
are boundary terms associated to the interaction between a non-abelian charge at ξ and
a non-abelian image charge at −η. Note that, because of these terms, the closed-string
WZW orbifold bracket ∆ˆWZW (ξ, η, t, σ) = 0 is not a solution of the {xˆ, xˆ} PDEs.
We may now follow Ref. [23] to find the following integral representation for the solution
of Eq. (3.31):
∆ˆσ(ξ, η) =Uˆ
t
σ(ξ)∆ˆσ(0, 0)Uˆσ(η)
+πi
∫ η
0
dη′
(
Ψˆσ(ξ, η
′)δ(ξ + η′) + Uˆ tσ(ξ)Ψˆσ(0, η
′)δ(η′)
)
Uˆ−1σ (η
′)Uˆσ(η)
+πiUˆ tσ(ξ)
∫ ξ
0
dξ′ Uˆ−1tσ (ξ
′)
(
Ψˆσ(ξ
′, η)δ(ξ′ + η) + Ψˆσ(ξ
′, 0)δ(ξ′)Uˆσ(η)
)
(3.33a)
∂ξUˆσ(ξ) = Uˆσ(ξ)Λˆσ(ξ), ∂ηUˆ
t
σ(η) = Λˆ
t
σ(η)Uˆ
t
σ(η) (3.33b)
Uˆσ(0) = Uˆ
t
σ(0) = 1l, Uˆσ(ξ) ≡ Uˆ(ξ, t, σ), Uˆ
t
σ(η) ≡ Uˆ
t(η, t, σ) . (3.33c)
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In this solution, we have introduced the ordered product Uˆσ in each sector σ, and only the
quantity ∆ˆσ(0, 0) = ∆ˆ(0, 0, t, σ) is undetermined. With the integrability condition (3.32),
it is straightforward to check directly that Eq. (3.33) solves Eq. (3.31). Moreover, the
required antisymmetry of the coordinate bracket
∆ˆtσ(η, ξ) = −∆ˆσ(ξ, η) (3.34)
is guaranteed by the corresponding antisymmetric choice ∆ˆtσ(0, 0) = −∆ˆσ(0, 0).
We may also evaluate the solution (3.33) explicitly, using the following integral identity
∫ η
0
dη′f(ξ, η′)δ(ξ + η′) =

1
2f(0, 0) if ξ = 0, η 6= 0
1
2f(π, π) if ξ = η = π
0 otherwise
(3.35)
to obtain the result:
∆ˆσ(ξ, η) =

∆ˆσ(0, 0) if ξ = η = 0,
Uˆ tσ(π)(∆ˆσ(0, 0) + iπΨˆσ(0, 0))Uˆσ(π) + iπΨˆσ(π, π) if ξ = η = π,
Uˆ tσ(ξ)(∆ˆσ(0, 0) + iπΨˆσ(0, 0))Uˆσ(η) otherwise.
(3.36)
As in Ref. [23], this expression for the coordinate bracket is suitable for the computation
of ξ-derivatives in the bulk, but one must return to the form given in Eq. (3.33) in order
to compute ξ-derivatives at the boundary.
The preferred choice for ∆ˆσ(0, 0) is therefore
∆ˆσ(0, 0) = −iπΨˆσ(0, 0) (3.37)
because in this case the twisted equal-time coordinate brackets vanish in the bulk, and are
therefore locally twisted WZW:
{xˆn(r)µσ (ξ), xˆ
n(s)ν
σ (η)} = ∆ˆ
n(r)µ;n(s)ν
σ (ξ, η) =

−iπΨˆ
n(r)µ;n(s)ν
σ (0, 0) if ξ = η = 0,
iπΨˆ
n(r)µ;n(s)ν
σ (π, π) if ξ = η = π,
0 otherwise
(3.38a)
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Ψˆn(r)µ;n(s)νσ (ξ, ξ) = −Ψˆ
n(s)ν;n(r)µ
σ (ξ, ξ) (3.38b)
=Gn(t)δ;n(u)ǫ(σ)e−2i
n(t)
ρ(σ)
ξ(ˆ¯e−1(ξ)n(t)δn(r)µeˆ−1(ξ)n(u)ǫn(s)ν−eˆ−1(ξ)n(u)ǫn(r)µ ˆ¯e−1(ξ)n(t)δn(s)ν)
= eˆ−1(ξ)n(u)ǫ
n(r)µGn(u)ǫ;n(t)δ(σ)×
× (e−2i
n(t)
ρ(σ)
ξΩˆ−1(ξ)n(t)δ
n(v)κ−Ωˆ(ξ)n(t)δ
n(v)κe2i
n(v)
ρ(σ)
ξ)eˆ−1(ξ)n(v)κn(s)ν (3.38c)
σ = 0, . . . , Nc − 1 . (3.38d)
These twisted coordinate brackets, which describe the new twisted non-commutative geom-
etry of the open-string WZW orbifold Aopeng (H)/H , are a central result of this paper.
In the untwisted sector (σ = 0) of Aopeng (H)/H , the twisted coordinate brackets reduce
to the following
G(σ = 0) = G, eˆ(ξ, σ = 0) = e(ξ), Ψˆ0(ξ, η) = Ψ(ξ, η), ∆ˆ0(ξ, η) = ∆(ξ, η) (3.39a)
{xi(ξ), xj(η)} = ∆ij(ξ, η) =

−iπΨij(0, 0) if ξ = η = 0,
iπΨij(π, π) if ξ = η = π,
0 otherwise,
(3.39b)
Ψij(ξ, ξ) = e¯(ξ)a
iGabe(ξ)b
j − e(ξ)a
iGabe¯(ξ)b
j
= e(ξ)a
iGac(Ω(ξ)−1 − Ω(ξ))c
be(ξ)b
j (3.39c)
which is recognized as the untwisted non-commutative geometry of Ref. [23], now for the
special case of the untwisted open WZW string Aopeng (H) with a symmetry H .
Using Eqs. (3.6), (3.38) and the chain rule, we have also computed the equal-time
brackets of the group orbifold elements among themselves
{gˆ(T , ξ)N(r)µ
N(s)ν , gˆ(T ′, η)N ′(r′)µ′
N ′(s′)ν′} = (3.40a)
ipi(gˆ(T , 0)Tn(t)δ)N(r)µ
N(s)ν(gˆ(T ′, 0)T ′n(u)ǫ)N ′(r′)µ′
N ′(s′)ν′×
Gn(t)δ;n(v)κ(σ)(Ωˆ−1(0) − Ωˆ(0))n(v)κ
n(u)ǫ if ξ = η = 0,
−ipi(gˆ(T , pi)Tn(t)δ)N(r)µ
N(s)ν(gˆ(T ′, pi)T ′n(u)ǫ)N ′(r′)µ′
N ′(s′)ν′×
Gn(t)δ;n(v)κ(σ)(e
−2πi
n(v)
ρ(σ) Ωˆ−1(pi)n(v)κ
n(u)ǫ − Ωˆ(pi)n(v)κ
n(u)ǫe
2πi
n(u)
ρ(σ) ) if ξ = η = pi,
0 otherwise
gˆ(T , ξ) ≡ gˆ(T , ξ, t, σ) (3.40b)
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where Ωˆ is the adjoint action defined in Eq. (3.14).
All other phase-space brackets
{xˆn(r)µσ (ξ, t), pˆn(s)ν(Bˆ, η, t)}, {xˆ
n(r)µ
σ (ξ, t), pˆ
σ
n(s)ν(η, t)}, {Jˆ
(±)
n(r)µ(ξ, t), pˆn(s)ν(Bˆ, η, t)},
{pˆn(r)µ(Bˆ, ξ, t), pˆn(s)ν(Bˆ, η, t)}, {pˆ
σ
n(r)µ(ξ, t), pˆ
σ
n(s)ν(η, t)} (3.41)
can now be straightforwardly computed (in the order listed) from the inverse relations (3.9)
and the known brackets
{Jˆ
(±)
n(r)µ(ξ), Jˆ
(±)
n(s)ν(η)}, {Jˆ
(±)
n(r)µ(ξ), xˆ
n(s)ν
σ (η)}, {xˆ
n(r)µ
σ (ξ), xˆ
n(s)ν
σ (η)} (3.42)
without solving any additional differential equations. The corresponding results are given
for the untwisted case in Ref. [23] (our sector σ = 0), but owing to the length of these
expressions, we will not reproduce the twisted analogues here.
Some explicit examples of the new twisted non-commutative geometry are given in
App. D, and the following subsection works out the relatively simple quasi-canonical algebra
of xˆσ, pˆ
σ for a large class of open-string free-bosonic orbifolds.
3.7 Example: Twisted Free-Bosonic Open Strings
Applications of the orbifold program to closed-string free-bosonic orbifolds (including their
twisted vertex operators and classical formulations) can be found in Refs. [7, 9, 11]. In
the following paragraph, we briefly review the classical development of closed-string free-
bosonic orbifolds.
One begins with the general untwisted left-mover free-boson sector on abelian g
fab
c = 0, ei
a = −e¯i
a = δi
a, Bij = Hijk = 0 (3.43a)
{Ja(m), Jb(n)} = mGabδm+n,0, [Ta, Tb] = 0 (3.43b)
which may be considered as a formal abelian limit‡5 of the untwisted WZW model Ag(H).
Under a general automorphism ω(hσ)∈H⊂Aut(g), one finds the twisted current algebra
of sector σ of a closed-string free-bosonic orbifold [7, 11]. This gives us in particular the
following left-mover input data for sector σ of the corresponding open-string free-bosonic
‡5The automorphism group of the abelian current algebra is of course larger than the automorphism
group of the non-abelian starting point; for example, ω(hσ) = −1l appears in the abelian case.
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orbifold
Fn(r)µ;n(s)ν
n(t)δ(σ) = 0, [Tn(r)µ, Tn(s)ν ] = 0 (3.44a)
{Jˆn(r)µ(m+
n(r)
ρ(σ)), Jˆn(s)ν(n+
n(s)
ρ(σ) )} = (m+
n(r)
ρ(σ) )δm+n+n(r)+n(s)
ρ(σ)
,0
Gn(r)µ;−n(r),ν(σ) (3.44b)
{Jˆn(r)µ(m+
n(r)
ρ(σ) ), gˆ(T , ξ, t)} = gˆ(T , ξ, t)Tn(r)µe
i(m+n(r)
ρ(σ)
)(t+ξ)
− Tn(r)µgˆ(T , ξ, t)e
i(m+n(r)
ρ(σ)
)(t−ξ) (3.44c)
eˆn(r)µ
n(s)ν = − ˆ¯en(r)µ
n(s)ν = δνµδn(r)−n(s),0mod ρ(σ) (3.44d)
Gˆn(r)µ;n(s)ν = Gn(r)µ;n(s)ν(σ) (3.44e)
Bˆn(r)µ;n(s)ν = Hˆn(r)µ;n(s)ν;n(t)δ = 0, σ = 0, . . . , Nc − 1 (3.44f)
which also may be considered as a formal abelian limit of the left-mover WZW orbifold
data. In these results, Eq. (3.44e) records that, for free bosons, the twisted Einstein metric
Gˆ is equal [11] to the twisted tangent space metric G (see Eqs. (2.2a) and (3.7c)). As
is clear from Eqs. (3.43a) and (3.44f), we are not treating the most general twisted free-
bosonic open string in the basic class, which can also involve Bˆ 6= 0. Similarly, we will not
discuss any particular target-space compactification of the twisted open-string coordinates
xˆσ below.
Further classical description of these twisted free-bosonic open strings is obtained by
substituting the data (3.44) into the more general WZW results above. For example, the
phase-space realization (3.5) of the twisted open string reduces to the following:
Jˆ
(+)
n(r)µ(ξ, t) = 2πpˆ
σ
n(r)µ(ξ, t) +
1
2∂ξxˆ
n(s)ν
σ (ξ, t)Gn(s)ν;n(r)µ(σ) (3.45a)
Jˆ
(−)
n(r)µ(ξ, t) = −2πpˆ
σ
n(r)µ(ξ, t) +
1
2∂ξxˆ
n(s)ν
σ (ξ, t)Gn(s)ν;n(r)µ(σ) (3.45b)
Jˆ
(±)
n(r)µ(ξ, t) =
∑
m∈Z
Jˆn(r)µ(m+
n(r)
ρ(σ) )e
−i(m+
n(r)
ρ(σ)
)(t±ξ) . (3.45c)
As another example, the boundary conditions in Eq. (3.23) now take the simple form
∂txˆ
n(r)µ
σ (ξ, t) =
{
0 at ξ = 0
i tan(πn(r)ρ(σ) )∂ξxˆ
n(r)µ
σ (ξ, t) at ξ = π
(3.46a)
{n¯(r)} ⊂ {0, . . . , ρ(σ)− 1}, σ = 0, . . . , Nc − 1 (3.46b)
which describe the branes at each end of the twisted free-bosonic open string. Each sector
σ of the open-string free-bosonic orbifold comes equipped (via the H-eigenvalue problem
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(2.3a)) with a specific set {n(r)} of spectral indices and hence a corresponding specific set
of boundary conditions (3.46) on the coordinates xˆ
n(r)µ
σ .
In the untwisted sector (σ= n¯(r)=0) we have n(r)µ→ i and these abelian results reduce
to Dirichlet-Dirichlet (D-D) strings (with ∂tx
i = 0 at both ends), as discussed in Ref. [23].
More generally, all the twisted coordinates are Dirichlet at ξ = 0 in every sector σ. One also
finds that the coordinates xˆ0µσ (ξ, t) always have D-D boundary conditions, and furthermore
coordinates xˆ
n(r)µ
σ (ξ, t) with
n¯(r)
ρ(σ) =
1
2 have Dirichlet-Neumann (D-N) boundary conditions
(with ∂ξxˆσ = 0 at ξ = π). As an illustration, the simple Z2 permutation symmetry x
1 ↔ x2
with Gab = δab leads to the abelian orbifold affine algebra
{Jˆn(r)(m+
n(r)
2 ), Jˆn(s)(n+
n(s)
2 )} = (m+
n(r)
2 )2δm+n+n(r)+n(s)
2
,0
(3.47a)
ρ(σ) = 2, n¯(r), n¯(s) ∈ {0, 1} (3.47b)
and the corresponding open-string coordinates xˆn(r) of this twisted sector have boundary
conditions D-D for n¯(r) = 0 and D-N for n¯(r) = 1. However, in more general examples
(with other values of n¯(r)ρ(σ)), the sets of boundary conditions in each sector are larger and
have more complicated (mixed) behavior at ξ = π, as seen in Eq. (3.46). Mixed boundary
conditions with Bˆ = 0 have also been observed in the open-string sectors of free-bosonic
orientation orbifolds [17].
In the remainder of this subsection, we will obtain the full quasi-canonical algebra
of these twisted free-bosonic open strings, including in particular the non-commutative
geometry of the {xˆ, xˆ} brackets.
The non-commutative geometry of sector σ of the open-string free-bosonic orbifold
follows immediately in the abelian limit of the {xˆ, xˆ} brackets (3.38)
Λˆσ(ξ, t) = 0, Uˆσ(ξ, t) = 1 (3.48a)
Ψˆn(r)µ;n(s)ν(ξ, ξ, t, σ) = 2iGn(r)µ;n(s)ν(σ) sin(2n(r)ρ(σ)ξ), σ = 0, . . . , Nc − 1 (3.48b)
{xˆn(r)µσ (ξ, t), xˆ
n(s)ν
σ (η, t)} =
− 2πδn(r)+n(s),0mod ρ(σ)G
n(r)µ;−n(r),ν(σ)

0 if ξ = η = 0,
sin(2πn(r)ρ(σ) ) if ξ = η = π,
0 otherwise
(3.48c)
where G•(σ) is the inverse of the twisted tangent space metric in Eq. (2.2). We remark in
particular that this geometry becomes commutative when n¯(r)ρ(σ) = 0 or
1
2 (i. e. D-D or D-N
coordinates), which includes the untwisted sector σ = 0 (see Ref. [23]).
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To find the other brackets among xˆσ and pˆ
σ, we begin with the equations of motion
∂txˆ
n(r)µ
σ (ξ, t) = G
n(r)µ;n(s)ν(σ)(Jˆ (+)n(s)ν(ξ, t)− Jˆ
(−)
n(s)ν(ξ, t)) (3.49a)
∂ξxˆ
n(r)µ
σ (ξ, t) = G
n(r)µ;n(s)ν(σ)(Jˆ (+)n(s)ν(ξ, t) + Jˆ
(−)
n(s)ν(ξ, t)) (3.49b)
which are the abelian limits of Eqs. (3.9a) and (3.18a). Note that the boundary conditions
in Eq. (3.46) also follow with the mode expansions (3.45c) from these equations of motion.
The solution of the equations of motion for the twisted coordinates is:
xˆ0µσ (ξ, t) = qˆ
0µ + 2G0µ;0ν(σ)(Jˆ0ν(0)ξ +
∑
m6=0
Jˆ0ν(m)
m
e−imt sin(mξ)) (3.50a)
n¯(r) 6=0: xˆn(r)µσ (ξ, t) = qˆ
n(r)µ+
+ 2Gn(r)µ;n(s)ν(σ)
∑
m∈Z
Jˆn(s)ν(m+
n(s)
ρ(σ)
)
m+ n(s)
ρ(σ)
e−i(m+
n(s)
ρ(σ)
)t sin(m+ n(s)ρ(σ) )ξ . (3.50b)
At this point, it is helpful to note the following algebraic requirement
{Jˆn(r)µ(m+
n(r)
ρ(σ) ), xˆ
n(s)ν(ξ, t)} = 2δn(r)µ
n(s)νe
i(m+n(r)
ρ(σ)
)t
sin(m+ n(r)ρ(σ) )ξ (3.51)
which follows from Eq. (3.45c) and the abelian limit of Eq. (3.12). We find that the mode
expansions in Eq. (3.50) are consistent with Eq. (3.51) only when we choose:
{Jˆn(r)µ(m+
n(r)
ρ(σ) ), qˆ
n(s)ν} = 0 . (3.52)
Jacobi identities then tell us that the bracket of any two qˆ’s is at most a constant, which
we will tentatively assume to be zero
{qˆn(r)µ, qˆn(s)ν} = 0 (3.53)
so that the qˆ’s are simply c-numbers.
We will also need the free-bosonic momenta
pˆσn(r)µ(ξ, t) =
1
4π(Jˆ
(+)
n(r)µ(ξ, t)− Jˆ
(−)
n(r)µ(ξ, t)) (3.54)
which are obtained in the abelian limit of Eq. (3.9b). With these momenta, the mode
expansions (3.45c), (3.50) and the current algebra (3.44b), we may now compute the full
quasi-canonical algebra of xˆσ, pˆ
σ
{pˆσn(r)µ(ξ, t), pˆ
σ
n(s)ν(η, t)} = 0 (3.55a)
{xˆn(r)µσ (ξ, t), pˆ
σ
n(s)ν(η, t)} = iδn(s)ν
n(r)µ(δ(ξ − η)− cos(n(s)ρ(σ)(ξ + η))δ(ξ + η)) (3.55b)
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{xˆn(r)µσ (ξ, t), xˆ
n(s)ν
σ (η, t)} =
− 2πδn(r)+n(s),0mod ρ(σ)G
n(r)µ;−n(r),ν(σ)

0 if ξ = η = 0,
sin(2πn(r)ρ(σ) ) if ξ = η = π,
0 otherwise
(3.55c)
σ = 0, . . . , Nc − 1 (3.55d)
in each sector of each open-string free-bosonic orbifold. To obtain these results, we found
that the following identities citeOrient1 were useful:
sin(n(r)ρ(σ) (ξ − η))δ(ξ − η) = 0, 0 ≤ ξ, η ≤ π (3.56a)
cos(n(r)ρ(σ) (ξ − η))δ(ξ − η) = δ(ξ − η), 0 ≤ ξ, η ≤ π (3.56b)
sin(n(r)ρ(σ) (ξ + η))δ(ξ + η) = 0 except at ξ = η = π (3.56c)
∑
m ∈ Z
m+ n(r)ρ(σ) 6= 0
1
m+ n(r)
ρ(σ)
sin((m+ n(r)ρ(σ))ξ) sin((m+
n(r)
ρ(σ))η) =
= π
∫ ξ+η
ξ−η
dη′ sin(n(r)ρ(σ)η
′)δ(η′) =

0 if ξ = η = 0
π
2 sin(
2πn(r)
ρ(σ)
) if ξ = η = π
0 otherwise .
(3.56d)
Following standard procedure in distribution theory, the sum in Eq. (3.56d) was defined by
temporarily inserting a smearing function exp(−ǫm2), ǫ→ 0+.
We call the algebras in Eq. (3.55) quasi-canonical because they are canonical in the
bulk, and we also note that the result for the {xˆ, xˆ} bracket in Eq. (3.55c) is in agreement
with Eq. (3.48c). Allowing constant non-zero {qˆ, qˆ} brackets gives rise to overall additive
constants in the {xˆ, xˆ} brackets, so the assumption in Eq. (3.53) is equivalent to our earlier
requirement that {xˆ, xˆ} vanishes in the bulk.
4 Conformal Field Theory of Twisted Open WZW Strings
In this section, we further develop (see Sec. 2) the quantum theory of our basic class of
twisted open WZW strings. This discussion culminates in the derivation of the twisted
open-string KZ equations in Subsec. 4.6.
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4.1 The Quantum Hamiltonian and the Twisted Affine Primary Fields
Combining Eqs. (A.3a) and (2.15), we obtain the quantum Hamiltonian of sector σ of
Aopeng (H)/H :
Hˆσ=Lσ(0) =
= 12π
∫ π
0
dξL
n(r)µ;−n(r),ν
gˆ(σ) (σ)( : Jˆ
(+)
n(r)µ(ξ, t)Jˆ
(+)
−n(r),ν(ξ, t)+Jˆ
(−)
n(r)µ(ξ, t)Jˆ
(−)
−n(r),ν(ξ, t) :)
= L
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ))Jˆ−n(r),ν(−p−
n(r)
ρ(σ) ) :M
− i n¯(r)ρ(σ)F
0,δ
n(r)µ;−n(r),ν(σ)Jˆ0,δ(0))+ ∆ˆ0(σ) (4.1a)
: Jˆn(r)µ(m+
n(r)
ρ(σ))Jˆn(s)ν(n+
n(s)
ρ(σ) ) :M ≡ θ(m+
n(r)
ρ(σ) ≥ 0)Jˆn(s)ν(n+
n(s)
ρ(σ) )Jˆn(r)µ(m+
n(r)
ρ(σ) )
+ θ(m+ n(r)ρ(σ) < 0)Jˆn(r)µ(m+
n(r)
ρ(σ))Jˆn(s)ν(n+
n(s)
ρ(σ) ) (4.1b)
[Jˆn(r)µ(m+
n(r)
ρ(σ) ), Jˆn(s)ν(n+
n(s)
ρ(σ) )]= iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(m+n+
n(r)+n(s)
ρ(σ) )
+ (m+ n(r)ρ(σ)) δm+n+n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;−n(r)ν(σ) (4.1c)
∂tAˆ(ξ, t) = i[Hˆσ, Aˆ(ξ, t)] . (4.1d)
Here we have also collected Eqs. (A.3c), (A.1) and (2.16a) for reference. Explicit formulae
for the conformal weight ∆ˆ0(σ) of the scalar twist-field state are given in Eqs. (A.3e) and
(2.22d).
Using the classical theory and in particular the {Jˆ , gˆ} brackets in Eq. (3.16) as a guide,
we may augment the quantum theory with the following equal-time commutators
[Jˆ
(+)
n(r)µ(ξ, t), gˆ(T , η, t)] =2π(gˆ(T , η, t)Tn(r)µδn(r)
ρ(σ)
(ξ−η)
− Tn(r)µgˆ(T , η, t)δn(r)
ρ(σ)
(ξ+η)) (4.2a)
[Jˆ
(−)
n(r)µ(ξ, t), gˆ(T , η, t)] =2π(− Tn(r)µgˆ(T , η, t)δ−n(r)
ρ(σ)
(ξ−η)
+ gˆ(T , η, t)Tn(r)µδ−n(r)
ρ(σ)
(ξ+η)) (4.2b)
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where this gˆ(T ) is the open-string twisted affine primary field in twisted rep T . The
(classical) group orbifold element gˆ(T ) of Sec. 3 is the high-level limit of this operator field.
As noted above for the corresponding brackets in Eq. (3.16), the commutators (4.2) satisfy
the Jˆ , Jˆ , gˆ operator Jacobi identities.
Moreover, using the mode expansions (2.5) of the twisted strip currents, we find that
the mode commutator
[Jˆn(r)µ(m+
n(r)
ρ(σ) ), gˆ(T , ξ, t)] =gˆ(T , ξ, t)Tn(r)µe
i(m+
n(r)
ρ(σ) )(t+ξ)
−Tn(r)µgˆ(T , ξ, t)e
i(m+
n(r)
ρ(σ) )(t−ξ) (4.3)
is equivalent to both Eqs. (4.2a) and (4.2b).
4.2 Time Dependence of the Twisted Affine Primary Fields
Using Eqs. (4.1) and (4.2), we find after some algebra the time evolution of the open-string
twisted affine primary fields
∂tgˆ(T , ξ, t) = i[Hˆσ, gˆ(T , ξ, t)] (4.4a)
=2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)( : Jˆ
(+)
n(r)µ(ξ, t)gˆ(T , ξ, t)T−n(r),ν−Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ(T , ξ, t) :M)
+ iL0,µ;0,ν
gˆ(σ) (σ) (gˆ(T , ξ, t)T0,µT0,ν + T0,µT0,ν gˆ(T , ξ, t)− 2T0,µgˆ(T , ξ, t)T0,ν)
+ L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
ρ(σ)F
0,δ
n(r)µ;−n(r),ν(σ) (gˆ(T , ξ, t)T0,δ − T0,δgˆ(T , ξ, t)) (4.4b)
which provides our first example of a twisted vertex operator equation. The mode normal
ordering : · :M in Eq. (4.4) is defined as follows
: Jˆ
(±)
n(r)µ(ξ, t)gˆ(T , ξ, t) :M≡ Jˆ
(±)−
n(r)µ(ξ, t)gˆ(T , ξ, t) + gˆ(T , ξ, t)Jˆ
(±)+
n(r)µ(ξ, t) (4.5a)
Jˆ
(±)+
n(r)µ(ξ, t) ≡
∑
m≥0
Jˆn¯(r)µ(m+
n¯(r)
ρ(σ) )e
−i(m+
n¯(r)
ρ(σ)
)(t±ξ) (4.5b)
Jˆ
(±)−
n(r)µ(ξ, t) ≡
∑
m≤−1
Jˆn¯(r)µ(m+
n¯(r)
ρ(σ))e
−i(m+ n¯(r)
ρ(σ)
)(t±ξ) (4.5c)
Jˆ
(±)+
n(r)µ(ξ, t) + Jˆ
(±)−
n(r)µ(ξ, t) = Jˆ
(±)
n(r)µ(ξ, t) (4.5d)
where Jˆ (±)± are called the partial currents. Since L → G•/2 and Jˆ = O(k
1
2 ) in the high-
level limit, the classical equation of motion in Eq. (3.19a) is indeed the classical limit of
the twisted vertex operator equation (4.4).
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An alternate form of the open-string twisted vertex operator equation (4.4b) is the
following
∂tgˆ(T , ξ, t) =
2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
: Jˆ
(+)
n(r)µ(ξ, t)gˆ(T , ξ, t)T−n(r),ν−Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ(T , ξ, t) :M
)
+ i[Dgˆ(σ)(T ), gˆ(T , ξ, t)]+ − 2iL
0,µ;0,ν
gˆ(σ) (σ)T0,µgˆ(T , ξ, t)T0,ν
− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
n¯(r)
ρ(σ) gˆ(T , ξ, t)Tn(r)µT−n(r),ν+
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ(T , ξ, t)
)
(4.6a)
Dgˆ(σ)(T )≡ L
n(r)µ;−n(r),ν
gˆ(σ) (σ)Tn(r)µT−n(r),ν= U(T, σ)Dg(T )U
†(T, σ) (4.6b)
Dg(T ) = L
ab
g TaTb (4.6c)
where −n(r), which is the pullback of −n(r), is formally defined in Eq. (A.3f). The quantity
Dgˆ(σ)(T ) is called the twisted conformal weight matrix [6] and Dg(T ) is the untwisted
conformal weight matrix of rep T of g. To obtain this result, we used the identities:
2L
n(r)µ;−n(r),ν
gˆ(σ)
n¯(r)
ρ(σ)Tn(r)µT−n(r),ν =
= L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
Tn(r)µT−n(r),ν(1− δn¯(r),0) + i
n¯(r)
ρ(σ)Fn(r)µ;−n(r),ν
0,δ(σ)T0,δ
)
(4.7a)
2L
n(r)µ;−n(r),ν
gˆ(σ)
n¯(r)
ρ(σ)T−n(r),νTn(r)µ =
= L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
Tn(r)µT−n(r),ν(1− δn¯(r),0)− i
n¯(r)
ρ(σ)Fn(r)µ;−n(r),ν
0,δ(σ)T0,δ
)
. (4.7b)
The identity (4.7a) was given in Ref. [6], and Eq. (4.7b) follows easily from Eq. (4.7a) and
the orbifold Lie algebra (2.2f).
We consider next the correlators Aˆσ of the open-string twisted affine primary fields in
the scalar twist-field state (see Eq. (2.21)). With Eq. (4.3), we immediately obtain the
global Ward identities for these correlators
Aˆσ(T , ξ, t) ≡ 〈gˆ(T
(1), ξ1, t1) . . . gˆ(T
(n), ξn, tn)〉σ
≡ σ〈0|gˆ(T
(1), ξ1, t1) . . . gˆ(T
(n), ξn, tn)|0〉σ (4.8a)
〈[Jˆ0,µ(0), gˆ(T
(1), ξ1, t1) . . . gˆ(T
(n), ξn, tn)]〉σ = 0 (4.8b)
⇒ Aˆσ(T , ξ, t)
n∑
i=1
T
(i)
0,µ −
n∑
i=1
T
(i)
0,µ Aˆσ(T , ξ, t) = 0 (4.8c)
which generalize the untwisted open-string Ward identities of Ref. [23].
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Towards obtaining twisted open-string KZ equations for these correlators, we give the
following properties of the scalar twist-field state
Jˆ
(±)+
n(r)µ(ξ, t)|0〉σ = σ〈0|Jˆ
(±)−
n(r)µ(ξ, t) = 0 (4.9)
which follow immediately from Eq. (2.21) and the definition of the partial currents in
Eqs. (4.5b,c). With these properties and the twisted vertex operator equation (4.4), we
may obtain the time derivatives of the open-string correlators Aˆσ:
∂tiAˆσ = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)×
×
∑
j 6=i
{
e
i n¯(r)
ρ(σ)
(φj−φi)
1− ei(φj−φi)
AˆσT
(j)
n(r)µT
(i)
−n(r),ν −
e
i n¯(r)
ρ(σ)
(φ¯j−φi)
1− ei(φ¯j−φi)
T
(j)
n(r)µAˆσT
(i)
−n(r),ν
−
ei
n¯(r)
ρ(σ)
(φj−φ¯i)
1− ei(φj−φ¯i)
T
(i)
−n(r),νAˆσT
(j)
n(r)µ +
ei
n¯(r)
ρ(σ)
(φ¯j−φ¯i)
1− ei(φ¯j−φ¯i)
T
(i)
−n(r),νT
(j)
n(r)µAˆσ
}
+ i[Dgˆ(σ)(T
(i)), Aˆσ]+ − 2iL
0,µ;0,ν
gˆ(σ) (σ)T
(i)
0,µAˆσT
(i)
0,ν
− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
n¯(r)
ρ(σ) AˆσT
(i)
n(r)µT
(i)
−n(r),ν +
−n(r)
ρ(σ) T
(i)
n(r)µT
(i)
−n(r),νAˆσ
)
(4.10a)
φi ≡ ti + ξi, φ¯i ≡ ti − ξi, i, j = 1, . . . , n . (4.10b)
Tensor products are assumed in the result (4.10), for example
(AˆσT
(i)T (j))
N(si)νi,N(sj)νj
N(ri)µi,N(rj)µj
≡ (AˆσT
(i) ⊗ T (j))
N(si)νi,N(sj)νj
N(ri)µi,N(rj)µj
= (Aˆσ)
N(ti)δi,N(tj )δj
N(ri)µi,N(rj)µj
(T (i))N(ti)δi
N(si)νi(T (j))N(tj)δj
N(sj)νj , i 6= j (4.11a)
[T
(i)
n(r)µ, T
(j)
n(s)ν ] = iδ
ijFn(r)µ;n(s)ν
n(t)δ(σ)T
(i)
n(t)δ (4.11b)
although T (i)T (i) is standard matrix multiplication.
In the derivation of Eq. (4.10), we also needed the commutators:
[Jˆ
(+)±
n(r)µ(ξi, ti), gˆ(T
(j), ξj, tj)] =±
ei
n¯(r)
ρ(σ)
(φj−φi)
1− ei(φj−φi)
gˆ(T (j), ξj, tj)T
(j)
n(r)µ
∓
ei
n¯(r)
ρ(σ)
(φ¯j−φi)
1− ei(φ¯j−φi)
T
(j)
n(r)µgˆ(T
(j), ξj, tj) (4.12a)
[Jˆ
(−)±
n(r)µ(ξi, ti), gˆ(T
(j), ξj, tj)] =±
e
i n¯(r)
ρ(σ)
(φj−φ¯i)
1− ei(φj−φ¯i)
gˆ(T (j), ξj, tj)T
(j)
n(r)µ
∓
ei
n¯(r)
ρ(σ)
(φ¯j−φ¯i)
1− ei(φ¯j−φ¯i)
T
(j)
n(r)µgˆ(T
(j), ξj, tj) . (4.12b)
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The infinite sums evaluated here are conditionally convergent, for example
[Jˆ
(+)+
n(r)µ(ξi, ti), gˆ(T
(j), ξj, tj)] = e
i
n¯(r)
ρ(σ)
(φj−φi)gˆ(T (j), ξj, tj)T
(j)
n(r)µ
∑
m≥0
eim(φj−φi)
− e
i n¯(r)
ρ(σ)
(φ¯j−φi)T
(j)
n(r)µgˆ(T
(j), ξj, tj)
∑
m≥0
eim(φ¯j−φi) (4.13)
and we used the untwisted open-string prescription of Ref. [23] to evaluate these sums.
The global Ward identities in Eq. (4.8) and the differential equations in Eq. (4.10) are
the first two components of the desired open-string KZ system for Aopeng (H)/H , a complete
form of which can be found in Subsec. 4.6.
4.3 Constituent Twisted Affine Primary Fields
In this subsection, we introduce the constituent twisted affine primary fields which provide
an alternate derivation of the twisted vertex operator equation (4.4b) for ∂tgˆ, and will also
be helpful in determining the corresponding twisted vertex operator equation for ∂ξ gˆ.
Following Refs. [42, 43, 23, 6, 9], we define the constituent twisted affine primary fields
gˆ±(T ) by factorization of the twisted affine primary fields:
gˆ(T , ξ, t) ≡ gˆ−(T , ξ, t)gˆ+(T , ξ, t) (4.14a)
[Jˆn(r)µ(m+
n(r)
ρ(σ)), gˆ+(T , ξ, t)] = gˆ+(T , ξ, t)Tn(r)µe
i(m+
n(r)
ρ(σ) )(t+ξ) (4.14b)
[Jˆn(r)µ(m+
n(r)
ρ(σ)), gˆ−(T , ξ, t)] = −Tn(r)µgˆ−(T , ξ, t)e
i(m+
n(r)
ρ(σ) )(t−ξ) . (4.14c)
The simpler commutators in Eq. (4.14b,c), reminiscent of chiral primary fields, reproduce
the algebra (4.3) of the current modes with the full twisted affine primary fields gˆ(T ).
By direct computation with Eq. (4.14) and the mode form (4.1a) of the Hamiltonian,
we find after some algebra the twisted vertex operator equations of the constituents
∂tgˆ±(T , ξ, t) = i[Hˆσ, gˆ±(T , ξ, t)] (4.15a)
∂tgˆ+(T , ξ, t) = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆ
(+)
n(r)µ(ξ, t)gˆ+(T , ξ, t)T−n(r),ν :M
+ igˆ+(T , ξ, t)Dgˆ(σ)(T )− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
ρ(σ) gˆ+(T , ξ, t)Tn(r)µT−n(r),ν (4.15b)
∂tgˆ−(T , ξ, t) = −2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ) :Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ−(T , ξ, t) :M
+ iDgˆ(σ)(T )gˆ−(T , ξ, t)− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ−(T , ξ, t) (4.15c)
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where we have again used the identities in Eq. (4.7) to simplify these results. The mode
normal ordering here is the same as that defined in Eq. (4.5) with gˆ → gˆ±.
As a check on the consistency of the factorization (4.14), we may use Eqs. (4.15b,c) to
successfully reconstruct the vertex operator equation (4.6) of the full twisted affine primary
field:
∂tgˆ(T , ξ, t) = ∂tgˆ−(T , ξ, t)gˆ+(T , ξ, t) + gˆ−(T , ξ, t)∂tgˆ+(T , ξ, t) (4.16a)
= 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
gˆ−(T , ξ, t) : Jˆ
(+)
n(r)µ(ξ, t)gˆ+(T , ξ, t)T−n(r),ν :M
− :Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ−(T , ξ, t) :M gˆ+(T , ξ, t)
)
+ i[Dgˆ(σ)(T ), gˆ(T , ξ, t)]+
− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
n¯(r)
ρ(σ) gˆ(T , ξ, t)Tn(r)µT−n(r),ν+
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ(T , ξ, t)
)
(4.16b)
= 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
: Jˆ
(+)
n(r)µ(ξ, t)gˆ(T , ξ, t)T−n(r),ν−Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ(T , ξ, t) :M
)
+ i[Dgˆ(σ)(T ), gˆ(T , ξ, t)]+ − 2iL
0,µ;0,ν
gˆ(σ) (σ)T0,µgˆ(T , ξ, t)T0,ν
−2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
n¯(r)
ρ(σ) gˆ(T , ξ, t)Tn(r)µT−n(r),ν+
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ(T , ξ, t)
)
. (4.16c)
In this computation, the expression in Eq. (4.16b) was not completely normal-ordered, so
we used the following identities
[Jˆ
(+)−
n(r)µ(ξ, t), gˆ−(T , ξ, t)] =
e−2i
n¯(r)
ρ(σ)
ξ
1− e−2iξ
Tn(r)µgˆ−(T , ξ, t) (4.17a)
[Jˆ
(−)+
n(r)µ(ξ, t), gˆ+(T , ξ, t)] =
e2i
n¯(r)
ρ(σ)
ξ
1− e2iξ
gˆ+(T , ξ, t)Tn(r)µ (4.17b)
e2i
−n(r)
ρ(σ)
ξ
1− e2iξ
+
e−2i
n¯(r)
ρ(σ)
ξ
1− e−2iξ
= δn¯(r),0 (4.17c)
to obtain the completely normal-ordered result in Eq. (4.16c). With Ref. [23], we note
the singularities at ξ = 0 and π of the commutators in Eq. (4.17). Although (as seen in
Eq. (4.17c)) these singularities cancel in the computation of ∂tgˆ, we shall see in Subsec. 4.5
that the singularities persist in ∂ξgˆ.
Using the mode-ordered form (A.3a), the algebra (4.14) and the twisted vertex operator
equations, we may also give the action of the Virasoro generators Lσ(m) on the constituent
twisted affine primary fields:
[Lσ(m), gˆ+(T , ξ, t)] = gˆ+(T , ξ, t)(−i
←−
∂t +mDgˆ(σ)(T ))e
im(t+ξ) (4.18a)
[Lσ(m), gˆ−(T , ξ, t)] = e
im(t−ξ)(−i∂t +mDgˆ(σ)(T ))gˆ−(T , ξ, t) . (4.18b)
We have checked that these commutators satisfy the L, L, gˆ± Jacobi identities.
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4.4 The Constituents are Chiral
In the untwisted results of Ref. [23], the constituent affine primary fields g+(T ), g−(T )
of Aopeng are in fact chiral and anti-chiral respectively. As we will see below, the same
properties hold for the twisted constituent fields gˆ+(T ), gˆ−(T ) of the open-string orbifold
Aopeng (H)/H .
Following Ref. [23], we begin this discussion by returning to the bulk momentum oper-
ator (2.17)
Pˆσ(t) = −
2i
π
∑
m∈Z
e−i(2m+1)t
2m+ 1
Lσ(2m+ 1) (4.19)
which we have now expressed in terms of the open-string Virasoro modes. By direct com-
putation with the algebra (4.18), we then find that
i[Pˆσ(t), gˆ+(T , ξ, t)] =4
(∫ ξ
0
dη eiηδ(2η)
)
∂tgˆ+(T , ξ, t)
+ 4eiξδ(2ξ)gˆ+(T , ξ, t)Dgˆ(σ)(T ) (4.20a)
i[Pˆσ(t), gˆ−(T , ξ, t)] =− 4
(∫ ξ
0
dη e−iηδ(2η)
)
∂tgˆ−(T , ξ, t)
+ 4e−iξδ(2ξ)Dgˆ(σ)(T )gˆ−(T , ξ, t) (4.20b)
4
∫ ξ
0
dη eiηδ(2η) =4
∫ ξ
0
dη e−iηδ(2η) =
{
1 if 0 < ξ < π,
0 if ξ = 0, π
(4.20c)
where the twisted conformal weight matrix Dgˆ(σ)(T ) is defined in Eq. (4.6b). The summa-
tion identities [23] ∑
m∈Z
e±i(2m+1)ξ
2m+ 1
= ±2πi
∫ ξ
0
dη e±iηδ(2η) (4.21)
were used to obtain these results.
The last terms in Eqs. (4.20a) and (4.20b) are quantum effects which contribute only
at the boundary, so that the result
∂ξgˆ±(T , ξ, t) = i[Pˆσ(t), gˆ±(T , ξ, t)] = ±∂tgˆ(T , ξ, t) 0 < ξ < π (4.22)
is obtained in the bulk. Following the classical intuition developed in Subsec. 3.2, we may
smoothly extend this result to include the boundary
∂−gˆ+(T , ξ, t) = ∂+gˆ−(T , ξ, t) = 0, ∂± = ∂t ± ∂ξ, 0 ≤ ξ ≤ π (4.23)
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which tells us that, as in Ref. [23], the operators gˆ+(T ) and gˆ−(T ) are respectively chiral
and anti-chiral.
In fact, we may use the twisted vertex operator equations (4.15) and the chiralities
(4.23) in the form 12∂±gˆ± = ∂tgˆ± to obtain the following set of light-cone twisted vertex
operator equations:
1
2∂+gˆ+(T , ξ, t) = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆ
(+)
n(r)µ(ξ, t)gˆ+(T , ξ, t)T−n(r),ν :M
+ igˆ+(T , ξ, t)Dgˆ(σ)(T )− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
ρ(σ) gˆ+(T , ξ, t)Tn(r)µT−n(r),ν (4.24a)
1
2∂−gˆ−(T , ξ, t) = −2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ) :Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ−(T , ξ, t) :M
+ iDgˆ(σ)(T )gˆ−(T , ξ, t)− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ−(T , ξ, t) . (4.24b)
It is easily checked that these equations are consistent
∂+∂−gˆ±(T , ξ, t) = ∂−∂+gˆ±(T , ξ, t) = 0 (4.25)
because gˆ+(T ), Jˆ
(+)(ξ) are chiral and gˆ−(T ), Jˆ
(−)(ξ) are anti-chiral.
Together, the chirality conditions (4.23) and the light-cone vertex operator equations
(4.24) will determine the dynamics of the full open-string primary fields gˆ = gˆ−gˆ+. We
defer this analysis to the following subsection however, focussing here on further properties
of the constituent fields.
As an example, we may use the differential equations (4.24) and the commutator iden-
tities
[Jˆ
(+)±
n(r)µ(ξi, ti), gˆ+(T
(j), ξj, tj)] = ±
e
i n¯(r)
ρ(σ)
(φj−φi)
1 − ei(φj−φi)
gˆ+(T
(j), ξj, tj)T
(j)
n(r)µ (4.26a)
[Jˆ
(−)±
n(r)µ(ξi, ti), gˆ−(T
(j), ξj, tj)] = ∓
ei
n¯(r)
ρ(σ)
(φ¯j−φ¯i)
1− ei(φ¯j−φ¯i)
T
(j)
n(r)µgˆ−(T
(j), ξj, tj) (4.26b)
to find the twisted KZ equations for the chiral and anti-chiral correlators Aˆ±σ :
gˆ±(i) ≡ gˆ±(T
(i), ξi, ti), Aˆ
±
σ ≡ 〈gˆ±(1) · · · gˆ±(n)〉σ, ∂i−Aˆ
+
σ = ∂i+Aˆ
−
σ = 0 (4.27)
1
2∂i+Aˆ
+
σ =2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
∑
j 6=i
ei
n¯(r)
ρ(σ)
(φj−φi)
1− ei(φj−φi)
Aˆ+σ T
(j)
n(r)µT
(i)
−n(r),ν
+ iAˆ+σDgˆ(σ)(T
(i))− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
ρ(σ)Aˆ
+
σ T
(i)
n(r)µT
(i)
−n(r),ν (4.28a)
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1
2∂i−Aˆ
−
σ =2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
∑
j 6=i
ei
n¯(r)
ρ(σ)
(φ¯j−φ¯i)
1− ei(φ¯j−φ¯i)
T
(i)
−n(r),νT
(j)
n(r)µAˆ
−
σ
+ iDgˆ(σ)(T
(i))Aˆ−σ − 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
−n(r)
ρ(σ) T
(i)
n(r)µT
(i)
−n(r),νAˆ
−
σ (4.28b)
∂i± ≡ ∂ti ± ∂ξi , T
(i) = T (T (i)), i = 1 . . . n . (4.28c)
These twisted KZ equations are similar in form to the chiral and anti-chiral twisted KZ
equations of closed-string orbifold theory [6, 7, 9, 10]. In contrast to closed-string orbifold
theory, however, the open-string correlators Aˆσ of the full twisted affine primary fields
cannot be factorized into the open-string chiral and anti-chiral correlators Aˆ±σ :
gˆ(i) ≡ gˆ(T (i), ξi, ti) = gˆ−(i)gˆ+(i) (4.29a)
Aˆσ = 〈gˆ(1) · · · gˆ(n)〉σ 6= 〈gˆ−(1) · · · gˆ−(n)〉σ〈gˆ+(1) · · · gˆ+(n)〉σ = Aˆ
−
σ Aˆ
+
σ . (4.29b)
This follows because in open WZW theory [23], twisted or untwisted, the single set of
current modes Jˆ (or J) acts on both chiral constituents of the primary fields, so that the
chiral constituents are not independent.
Finally, we may use the chirality (4.23) to recast the commutators (4.18) in the form
[Lσ(m), gˆ+(T , ξ, t)] = gˆ+(T , ξ, t)(−
i
2
←−
∂+ +mDgˆ(σ)(T ))e
im(t+ξ) (4.30a)
[Lσ(m), gˆ−(T , ξ, t)] = e
im(t−ξ)(−
i
2
∂− +mDgˆ(σ)(T ))gˆ−(T , ξ, t) (4.30b)
and these commutators also satisfy the L, L, gˆ± Jacobi identities, as expected.
4.5 The Full Twisted Vertex Operator Equations
In this subsection, we assemble the chiral and anti-chiral constituent information above
to obtain the complete set of vertex operator equations ∂tgˆ, ∂ξ gˆ for the full twisted affine
primary fields gˆ of the open-string orbifold.
We begin by writing down the following set of light-cone twisted vertex operator equa-
tions for gˆ:
1
2∂+gˆ(T , ξ, t) = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆ
(+)
n(r)µ(ξ, t)gˆ(T , ξ, t)T−n(r),ν :M
+igˆ(T , ξ, t)Dgˆ(σ)(T )− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
ρ(σ) gˆ(T , ξ, t)Tn(r)µT−n(r),ν
−2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
e−2i
n¯(r)
ρ(σ)
ξ
1− e−2iξ
Tn(r)µgˆ(T , ξ, t)T−n(r),ν (4.31a)
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1
2∂−gˆ(T , ξ, t) = −2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ) :Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ(T , ξ, t) :M
+iDgˆ(σ)(T )gˆ(T , ξ, t)− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ(T , ξ, t)
−2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
e2i
−n(r)
ρ(σ)
ξ
1− e2iξ
Tn(r)µgˆ(T , ξ, t)T−n(r),ν . (4.31b)
To obtain these equations, we used the chiralities (4.23) and the constituent vertex operator
equations (4.24) – and moreover, as in Subsec. 4.3, the commutators (4.17) were used to
obtain the fully normal-ordered form given here. The consistency of this system
[∂+, ∂−]gˆ(T , ξ, t) = 0, ∂± = ∂t ± ∂ξ (4.32)
follows by construction from gˆ = gˆ−gˆ+.
Using the light-cone vertex operator equations (4.31), we then immediately obtain the
vertex operator equations for the t- and ξ-derivatives separately:
∂tgˆ(T , ξ, t)=
=2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
: Jˆ
(+)
n(r)µ(ξ, t)gˆ(T , ξ, t)T−n(r),ν−Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ(T , ξ, t) :M
)
+ i[Dgˆ(σ)(T ), gˆ(T , ξ, t)]+ − 2iL
0,µ;0,ν
gˆ(σ) (σ)T0,µgˆ(T , ξ, t)T0,ν
− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
n¯(r)
ρ(σ) gˆ(T , ξ, t)Tn(r)µT−n(r),ν+
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ(T , ξ, t)
)
(4.33a)
∂ξgˆ(T , ξ, t)=
=2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)
(
: Jˆ
(+)
n(r)µ(ξ, t)gˆ(T , ξ, t)T−n(r),ν+Tn(r)µJˆ
(−)
−n(r),ν(ξ, t)gˆ(T , ξ, t) :M
)
+i[Dgˆ(σ)(T ), gˆ(T , ξ, t)]
+2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)(i cot ξδn¯(r),0 −
2e−2i
n¯(r)
ρ(σ)
ξ
1− e−2iξ
(1−δn¯(r),0))Tn(r)µgˆ(T , ξ, t)T−n(r),ν
− 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
n¯(r)
ρ(σ) gˆ(T , ξ, t)Tn(r)µT−n(r),ν−
−n(r)
ρ(σ) Tn(r)µT−n(r),ν gˆ(T , ξ, t)) . (4.33b)
We remind that the ∂t equation appeared earlier in Eq. (4.16c).
As anticipated in Subsec. 4.3, the singularities in Eq. (4.17a,b) at ξ = 0 and π persist
in the ∂ξgˆ equation (4.33b) – and hence in the twisted affine primary fields themselves.
Following Ref. [23], we emphasize that these singularities are closely related to the non-
factorization phenomenon in Eq. (4.29): Both phenomena arise because the chiral con-
stituents gˆ+ and gˆ− of open WZW strings do not live in independent subspaces. On the
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other hand, the affine primary fields of closed strings (including ordinary orbifolds) have
independent chiral constituents gˆ± – and therefore have no such singularities.
We finally note that the chiral commutators in Eq. (4.30) and the factorization (4.14)
give the following commutator for the full twisted affine primary fields
[Lσ(m), gˆ(T , ξ, t)] = gˆ(T , ξ, t)(−
i
2
←−
∂+ +mDgˆ(σ)(T ))e
im(t+ξ)
+ eim(t−ξ)(−
i
2
∂− +mDgˆ(σ)(T ))gˆ(T , ξ, t) (4.34a)
= eimt (−i cos(mξ)∂t + sin(mξ)∂ξ) gˆ(T , ξ, t)
+meimt
(
eimξgˆ(T , ξ, t)Dgˆ(σ)(T ) + e
−imξDgˆ(σ)(T )gˆ(T , ξ, t)
)
(4.34b)
where the twisted conformal weight matrix Dgˆ(σ)(T ) was given in Eq. (4.6b).
4.6 The Twisted Open-String KZ Systems of Aopeng (H)/H
Using the light-cone twisted vertex operator equations (4.31) and the commutators (4.12),
we may now obtain the full twisted open-string KZ system
Aˆσ = σ〈0|gˆ(T
(1), ξ1, t1) . . . gˆ(T
(n), ξn, tn)|0〉σ, σ = 0, . . . , Nc − 1 (4.35a)
1
2∂+iAˆσ = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
j 6=i
e
i n¯(r)
ρ(σ)
(φj−φi)
1− ei(φj−φi)
AˆσT
(j)
n(r)µT
(i)
−n(r),ν
−
∑
j
ei
n¯(r)
ρ(σ)
(φ¯j−φi)
1− ei(φ¯j−φi)
T
(j)
n(r)µAˆσT
(i)
−n(r),ν−
n¯(r)
ρ(σ) AˆσT
(i)
n(r)µT
(i)
−n(r),ν)+ iAˆσDgˆ(σ)(T (i)) (4.35b)
1
2∂−iAˆσ = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
j 6=i
ei
n¯(r)
ρ(σ)
(φ¯j−φ¯i)
1− ei(φ¯j−φ¯i)
T
(i)
−n(r),νT
(j)
n(r)µAˆσ
−
∑
j
ei
n¯(r)
ρ(σ)
(φj−φ¯i)
1− ei(φj−φ¯i)
T
(i)
−n(r),νAˆσT
(j)
n(r)µ−
−n(r)
ρ(σ) T
(i)
n(r)µT
(i)
−n(r),νAˆσ)+ iDgˆ(σ)(T (i))Aˆσ (4.35c)
Aˆσ
n∑
i=1
T
(i)
0,µ −
n∑
i=1
T
(i)
0,µAˆσ = 0 (4.35d)
∂±i = ∂ti ± ∂ξi , φi = ti + ξi, φ¯i = ti − ξi, T
(i) = T (T (i), σ), i = 1 . . . n (4.35e)
in sector σ of each open-string WZW orbifold. The explicit formulae for the inverse in-
ertia tensor L and the twisted representation matrices T are given in Eqs. (2.2c,d), while
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the integers n¯(r), ρ(σ) are defined in the H-eigenvalue problem (2.3a) of the underlying
untwisted theory.
The twisted open-string KZ system in Eq. (4.35) is another central result of this paper.
For brevity we will not give the ∂ti , ∂ξi form of this system, which is easily obtained by
linear combination.
As an explicit example, we give the information needed to realize the twisted KZ systems
of the open-string WZW permutation orbifolds:
n(r)µ→ jˆaj, n¯(r)ρ(σ) =
¯ˆj
fj(σ)
, g = ⊕Ig
I , gI ≃ simple g (4.36a)
L
n(r)µ;n(s)ν
gˆ(σ) (σ)→ L
jˆaj;lˆbl
gˆ(σ) (σ) = δ
jl 1
fj(σ)
ηab
2k +Qg
(4.36b)
Tn(r)µ(T, σ)→ Tjˆaj(T, σ) = Tatjˆj(σ) (4.36c)
¯ˆj = 0, . . . , fj(σ)− 1, a = 1, . . .dim g . (4.36d)
This class of open strings arises when we appropriate our initial data from the sectors of any
closed-string WZW permutation orbifold [6, 7, 9] on semisimple g. The cycle notation in
Eq. (4.36) and the branes of these permutation-twisted open WZW strings were discussed
in Subsec. 3.5.
Similarly, the explicit data [6, 7, 9, 10] for the various closed-string orbifolds on simple
g can be substituted into Eq. (4.35) to obtain the twisted KZ systems of the corresponding
open-string WZW orbifolds.
4.7 The One-Sided Form of the Twisted KZ Systems
In the two-sided notation above, the twisted representation matrices T act on both sides
of the open-string primary fields gˆ and the open-string correlators Aˆσ. The open-string
dynamics is however more transparent when expressed in an equivalent one-sided notation
[23, 16]:
˜ˆg(T , z¯, z, σ)N(s)ν;N(r)µ ≡ gˆ(T , z¯, z, σ)N(r)µ
N(s)ν (4.37a)
(Bgˆ(T , z¯, z, σ)C)N(r)µ
N(s)ν = BN(r)µ
N(t)δ gˆN(t)δ
N(u)ǫCN(u)ǫ
N(s)ν
=−˜ˆgN(u)ǫ;N(t)δCN(u)ǫ
N(s)ν(B¯)N(t)δ
N(r)µ (4.37b)
=−(˜ˆg(T , z¯, z, σ)C ⊗ B¯)N(s)ν;N(r)µ (4.37c)
B¯ = −Bt, (Bt)N(r)µ
N(s)ν ≡ BN(s)ν
N(r)µ . (4.37d)
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Here t is matrix transpose and Bt is the image on the right of B on the left. In our
application, we will then need the barred‡6 matrices T¯
T¯n(r)µ(T, σ) ≡ −Tn(r)µ(T, σ)
t
= χ(σ)n(r)µU(σ)n(r)µ
aU(T¯ , σ)T¯aU
†(T¯ , σ) = Tn(r)µ(T¯ , σ) (4.38a)
[T¯n(r)µ, T¯n(r)µ] = iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ)T¯n(r)+n(s),δ (4.38b)
which are the image of T and moreover satisfy the same orbifold Lie algebra (2.2f). We
remind the reader that, as shown in Eqs. (4.37b), (4.37c), T¯ always acts on the right indices
of ˜ˆg, while T acts on the left indices. This C⊗B¯ bookkeeping should be born in mind even
though we sometimes neglect the ordering in the tensor product
T¯ ⊗T ≃ T ⊗T¯ (4.39)
for notational convenience.
It is straightforward to reexpress all the results above in the one-sided notation, but we
limit ourselves here to the one-sided form of the twisted open-string KZ system
˜ˆ
Aσ(T , ξ, t) ≡ σ〈0|˜ˆg(T
(1), ξ1, t1) . . . ˜ˆg(T
(n), ξn, tn)|0〉σ (4.40a)
1
2∂+i
˜ˆ
Aσ(T , ξ, t) =
˜ˆ
Aσ(T , ξ, t)Wˆi(ξ, t, σ),
1
2∂−i
˜ˆ
Aσ(T , ξ, t) =
˜ˆ
Aσ(T , ξ, t)
ˆ¯Wi(ξ, t, σ) (4.40b)
Wˆi(ξ, t, σ) = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
j 6=i
ei
n¯(r)
ρ(σ)
(φj−φi)
1− ei(φj−φi)
T
(j)
n(r)µ +
∑
j
ei
n¯(r)
ρ(σ)
(φ¯j−φi)
1− ei(φ¯j−φi)
T¯
(j)
n(r)µ
− n¯(r)ρ(σ)T
(i)
n(r)µ)T
(i)
−n(r),ν + iDgˆ(σ)(T
(i)) (4.40c)
ˆ¯Wi(ξ, t, σ) = 2iL
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
j 6=i
ei
n¯(r)
ρ(σ)
(φ¯j−φ¯i)
1− ei(φ¯j−φ¯i)
T¯
(j)
n(r)µ +
∑
j
ei
n¯(r)
ρ(σ)
(φj−φ¯i)
1− ei(φj−φ¯i)
T
(j)
n(r)µ
− n¯(r)ρ(σ) T¯
(i)
n(r)µ)T¯
(i)
−n(r),ν + iDgˆ(σ)(T¯
(i)) (4.40d)
˜ˆ
Aσ(T , ξ, t)
n∑
i=1
(T
(i)
0,µ ⊗ 1l + 1l⊗ T¯
(i)
0,µ) = 0 (4.40e)
Dgˆ(σ)(T¯ ) = L
n(r)µ;−n(r),ν
gˆ(σ) T¯n(r)µT¯−n(r),ν = Dgˆ(σ)(T )
t = Dgˆ(σ)(T ) (4.40f)
‡6The last forms of T¯ in (4.38a) use the eigenvector matrix relation U(T¯ , σ) = U(T, σ)∗ chosen for
untwisted rep T¯ in Ref. [16].
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which holds in sector σ of Aopeng (H)/H . Here Wˆ ,
ˆ¯W are the twisted KZ connections of the
system. In the n¯(r)ρ(σ) T¯ T¯ term of
ˆ¯W, we have used an n(r)µ ↔ −n(r), ν exchange to order
the twisted representation matrices as shown. We remind that, in spite of the numerical
equality (4.40f), the twisted conformal weight matrix Dgˆ(σ)(T¯
(i)) operates on the right
indices of ˜ˆg(T (i)).
A more familiar form of the twisted open-string KZ system is obtained in terms of the
reduced correlators
˜ˆ
Fσ
˜ˆ
Fσ(T , z¯, z) ≡
n∏
i=1
˜ˆ
Aσ(T , ξ, t)z
−D
gˆ(σ)
(T (i))
i ⊗ z¯
−D
gˆ(σ)
(T¯ (i))
i (4.41a)
∂i
˜ˆ
Fσ(T , z¯, z) =
˜ˆ
Fσ(T , z¯, z)Wˆi(z¯, z, σ), ∂¯i
˜ˆ
Fσ(T , z¯, z) =
˜ˆ
Fσ(T , z¯, z)
ˆ¯Wi(z¯, z, σ) (4.41b)
Wˆi(z¯, z, σ) = 2L
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
j 6=i
(
zj
zi
) n¯(r)
ρ(σ) T
(j)
n(r)µ ⊗ T
(i)
−n(r),ν
zi − zj
+
∑
j
(
z¯j
zi
) n¯(r)
ρ(σ) T¯
(j)
n(r)µ ⊗ T
(i)
−n(r),ν
zi − z¯j
− n¯(r)ρ(σ)
1
zi
T
(i)
n(r)µT
(i)
−n(r),ν) (4.41c)
ˆ¯Wi(z¯, z, σ) = 2L
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
j 6=i
(
z¯j
z¯i
) n¯(r)
ρ(σ) T¯
(j)
n(r)µ ⊗ T¯
(i)
−n(r),ν
z¯i − z¯j
+
∑
j
(
zj
z¯i
) n¯(r)
ρ(σ) T
(j)
n(r)µ ⊗ T¯
(i)
−n(r),ν
z¯i − zj
− n¯(r)ρ(σ)
1
z¯i
T¯
(i)
n(r)µT¯
(i)
−n(r),ν) (4.41d)
˜ˆ
Fσ(T , z¯, z)
n∑
i=1
(T
(i)
0,µ ⊗ 1l + 1l⊗ T¯
(i)
0,µ ) = 0 (4.41e)
zi ≡ e
iφi , z¯i ≡ e
iφ¯i , ∂i ≡
∂
∂zi
= − i2zi∂+i, ∂¯i ≡
∂
∂z¯i
= − i2z¯i∂−i (4.41f)
(
zj
zi
) n¯(r)
ρ(σ)
≡ ei
n¯(r)
ρ(σ)
(φj−φi),
(
z¯j
zi
) n¯(r)
ρ(σ)
≡ ei
n¯(r)
ρ(σ)
(φ¯j−φi) (4.41g)
(
zj
z¯i
) n¯(r)
ρ(σ)
≡ ei
n¯(r)
ρ(σ)
(φj−φ¯i),
(
z¯j
z¯i
) n¯(r)
ρ(σ)
≡ ei
n¯(r)
ρ(σ)
(φ¯j−φ¯i) (4.41h)
σ = 0, . . . , Nc − 1 (4.41i)
where the variables z¯, z are the Minkowski-space analogues of the usual Euclidean variables
on the sphere. An analytic continuation of this system to Euclidean space would presumably
maintain the phase conventions in Eqs. (4.41g,h).
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As emphasized for the untwisted case in Ref. [23] and expected generally in open strings,
the system (4.41) shows interactions among charges T (i) at zi and image charges T¯
(i) at z¯i.
In fact, the twisted open-string KZ system (4.41) can be understood as a “doubled”
but ordinary chiral orbifold KZ system [6, 7, 9, 10] on 2n variables:
Fˆσ(T , {z}) ≡
˜ˆ
Fσ(T , z¯, z), ∂κFˆσ(T , {z}) = Fˆσ(T , {z})Wˆκ(T , {z}, σ) (4.42a)
Wˆκ(T , {z}, σ) = 2L
n(r)µ;−n(r),ν
gˆ(σ) (σ)[
∑
ρ6=κ
(
zρ
zκ
)n(r)
ρ(σ) 1
zκρ
T
(ρ)
n(r)µ ⊗ T
(κ)
−n(r),ν
−
1
zκ
n(r)
ρ(σ)T
(κ)
n(r)µT
(κ)
−n(r),ν] (4.42b)
Fˆσ(T , {z})
2n∑
κ=1
T
(κ)
0,µ = 0, ∀µ (4.42c)
∂κ ≡
∂
∂zκ
, zκρ ≡ zκ − zρ, zκ ≡
{
zκ, κ = 1 . . . n,
z¯κ−n, κ = n+ 1 . . . 2n
(4.42d)
T
(κ)
n(r)µ≡
{
Tn(r)µ(T
(κ), σ) κ = 1 . . . n
Tn(r)µ(T¯
(κ−n), σ) κ = n+ 1 . . . 2n .
(4.42e)
It follows that the n-point correlators of our twisted open WZW strings have the same
general structure as the 2n-point correlators of closed-string orbifold theory. This structure
for the correlators of open-string CFTs [44, 45] was emphasized in the untwisted open WZW
theory of Ref. [23] and in the open-string sectors of the WZW orientation orbifolds [16].
5 Discussion
In this paper, we have constructed what we call the basic class of twisted open WZW
strings. This class consists of all the sectors σ = 0 . . .Nc − 1 of the general open-string
orbifold Aopeng (H)/H , which is an orbifold of the Giusto-Halpern open string A
open
g (H) by
a symmetry H ⊂ Aut(g).
Our construction generalizes the untwisted construction of Ref. [23], and all of our
results reduce in the untwisted sector σ = 0 to the corresponding results of that reference,
including e. g. the untwisted open-string KZ equations
F˜ (z¯, z) ≡
n∏
i=1
A˜(T, ξ, t)z
−∆(T (i))
i ⊗ z¯
−∆(T (i))
i (5.1a)
∂iF˜ (z¯, z) = F˜ (z¯, z)Wi(z¯, z), ∂¯iF˜ (z¯, z) = F˜ (z¯, z)W¯i(z¯, z) (5.1b)
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Wi(z¯, z) = 2L
ab
g
(∑
j 6=i
T
(j)
a ⊗ T
(i)
b
zi − zj
+
∑
j
T¯
(j)
a ⊗ T
(i)
b
zi − z¯j
)
(5.1c)
W¯i(z¯, z) = 2L
ab
g
(∑
j 6=i
T¯
(j)
a ⊗ T¯
(i)
b
z¯i − z¯j
+
∑
j
T
(j)
a ⊗ T¯
(i)
b
z¯i − zj
)
(5.1d)
F˜ (z¯, z)
n∑
i=1
(T (i)a ⊗ 1l + 1l⊗ T¯
(i)
a ) = 0, ∀a = 1 . . .dim g (5.1e)
[Ta, Tb] = ifab
cTc, [T¯a, T¯b] = ifab
cT¯c (5.1f)
where T is any irrep of g and T¯ = −T t. We remind the reader however that these correlators
must be H-symmetrized because they now reside in sector σ = 0 of an (open-string)
orbifold.
As noted in the introduction, there is another known class of twisted open WZW strings,
namely the open-string sectors of the WZW orientation orbifolds [16, 17], and it is natural
to ask whether these twisted open strings are included among the constructions in our
basic class. Certainly one does not expect the basic class to contain all the open-string
orientation-orbifold sectors, because the sectors of each Aopeng (H)/H are labelled by a com-
plete set of conjugacy classes of H , whereas this is not always true for the open-string
sectors of an orientation orbifold. In fact, we can be certain that the basic class contains
no open-string orientation-orbifold sectors for the following technical reason: The twisted
representation matrices associated to the left- and right-movers of Aopeng (H)/H are T and
T¯ = −T t respectively, while in the orientation orbifolds the left- and right-mover twisted
representation matrices are not the bar of each other.
The construction of this paper should therefore be generalized in order to include at
least the open-string orientation-orbifold sectors, and presumably many other twisted open
WZW strings. The general twisted boundary state equation of App. A suggests the ap-
propriate generalization: The idea is to introduce into the present construction an extra
automorphism ω˜(n(r), σ) of the twisted current algebra – which is expected to generate new
twisted open WZW strings T-dual to our basic class at ω˜ = 1. It is of course well-known
even at the untwisted level that N-N and D-D strings are T-dual to each other, and are re-
lated by just such an automorphism. Moreover, it is not difficult to check that the left- and
right-mover twisted representation matrices of the open-string WZW orientation-orbifold
sectors are indeed related by an automorphism of the twisted current algebra. With these
clues, we will return to discuss the open-string picture of the general twisted open WZW
string in a future paper.
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A General Twisted Boundary States
The development of the text followed the standard open-string picture [23] of open strings,
in which the strings are described by a single set of current modes and a corresponding
single Virasoro algebra. On the other hand, in the standard closed-string picture of open
strings (see e. g. Refs. [46, 47]), one describes the open string by a boundary state equation
in the space of left- and right-mover current modes.
In this appendix, we will discuss and extend what is known about the boundary states
in the closed-string picture of twisted open WZW strings. In this picture, we begin with
the twisted left- and right-mover current algebras [6] in sector σ of any WZW orbifold
Ag(H)/H
[Jˆn(r)µ(m+
n(r)
ρ(σ) ), Jˆn(s)ν(n+
n(s)
ρ(σ) )]=
iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(m+n+
n(r)+n(s)
ρ(σ) )
+ (m+ n(r)ρ(σ) )δm+n+n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;−n(r)ν(σ) (A.1a)
[ ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) ),
ˆ¯Jn(s)ν(n+
n(s)
ρ(σ) )]=
iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ) ˆ¯Jn(r)+n(s),δ(m+n+
n(r)+n(s)
ρ(σ) )
− (m+ n(r)ρ(σ) )δm+n+n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;−n(r)ν(σ) (A.1b)
[Jˆn(r)µ(m+
n(r)
ρ(σ) ),
ˆ¯Jn(s)ν(n+
n(s)
ρ(σ) )] = 0, σ = 0, . . . , Nc − 1 (A.1c)
Jˆn(r)±ρ(σ),µ(m+
n(r)±ρ(σ)
ρ(σ) ) = Jˆn(r)µ(m± 1 +
n(r)
ρ(σ)) (A.1d)
ˆ¯Jn(r)±ρ(σ),µ(m+
n(r)±ρ(σ)
ρ(σ) ) =
ˆ¯Jn(r)µ(m± 1 +
n(r)
ρ(σ)) (A.1e)
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where Nc is the number of conjugacy classes of H⊂Aut(g). The left-mover modes Jˆ are the
same as those of the text, and G(σ) and F(σ) are the twisted metric and twisted structure
constants of the sector.
Because of the sign reversal of the central term‡7 in the right-mover current algebra
(A.1b), Ref. [6] was able to give the following consistent equation for the twisted open-
string boundary states of twisted sector σ(
Jˆn(r)µ(m+
n(r)
ρ(σ) ) +
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) )
)
|B〉σ = 0, σ = 0, . . . , Nc − 1 (A.2a)[
(Jˆ + ˆ¯J)
n(r)µ
(m+ n(r)ρ(σ)), (Jˆ + ˆ¯J)n(s)ν(n +
n(s)
ρ(σ))
]
=
= iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ)(Jˆ + ˆ¯J)
n(r)+n(s),δ
(m+ n+ n(r)+n(s)ρ(σ) ) (A.2b)
without any consideration of the rectification problem [6, 7, 9, 10] reviewed in App. B. We
expect that these twisted boundary states describe the twisted open strings in the basic
class of this paper, but we emphasize that for σ 6= 0 no attempt has thus far been made to
find explicit solutions of this system.
As an extension, we consider next the corresponding action of the Virasoro generators
on this set of twisted boundary states. For this computation, we will need the explicit forms
[6] of the left- and right-mover Virasoro generators in terms of twisted current modes:
Lσ(m) =L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ) )Jˆ−n(r),ν(m− p−
n(r)
ρ(σ)) :
= L
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
p∈Z
: Jˆn(r)µ(p+
n(r)
ρ(σ) )Jˆ−n(r),ν(m− p−
n(r)
ρ(σ)) :M
− i n¯(r)ρ(σ)Fn(r)µ;−n(r),ν
0,δ(σ)Jˆ0,δ(m))+ δm,0∆ˆ0(σ) (A.3a)
L¯σ(m) =L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
∑
p∈Z
: ˆ¯Jn(r)µ(p +
n(r)
ρ(σ) )
ˆ¯J−n(r),ν(−m− p−
n(r)
ρ(σ) ) :
= L
n(r)µ;−n(r),ν
gˆ(σ) (σ)(
∑
p∈Z
: ˆ¯Jn(r)µ(p +
n(r)
ρ(σ))
ˆ¯J−n(r),ν(−m− p−
n(r)
ρ(σ) ) :M¯
− i−n(r)ρ(σ) Fn(r)µ;−n(r),ν
0,δ(σ) ˆ¯J0,δ(−m))+ δm,0∆ˆ0(σ) (A.3b)
‡7This surprising feature follows directly from the WZW orbifold action, and has also been explicitly
checked at the level of characters [6].
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: Jˆn(r)µ(m+
n(r)
ρ(σ))Jˆn(s)ν(n+
n(s)
ρ(σ)) :M≡θ(m+
n(r)
ρ(σ)≥ 0)Jˆn(s)ν(n+
n(s)
ρ(σ))Jˆn(r)µ(m+
n(r)
ρ(σ) )
+ θ(m+ n(r)ρ(σ) < 0)Jˆn(r)µ(m+
n(r)
ρ(σ))Jˆn(s)ν(n+
n(s)
ρ(σ)) (A.3c)
: ˆ¯Jn(r)µ(m+
n(r)
ρ(σ))
ˆ¯Jn(s)ν(n+
n(s)
ρ(σ)) :M¯≡θ(m+
n(r)
ρ(σ)≤ 0)
ˆ¯Jn(s)ν(n+
n(s)
ρ(σ))
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) )
+ θ(m+ n(r)ρ(σ) > 0)
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ))
ˆ¯Jn(s)ν(n+
n(s)
ρ(σ)) (A.3d)
∆ˆ0(σ) ≡
∑
r,µ,ν
L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
2ρ(σ) (1−
n¯(r)
ρ(σ) )Gn(r)µ;−n(r),ν(σ) (A.3e)
−n(r)
ρ(σ) =
{
1− n¯(r)ρ(σ) for n¯(r) 6= 0
0 for n¯(r) = 0
(A.3f)
[Lσ(m), Lσ(n)] = (m−n)Lσ(m+n) + δm+n,0
cg
12
m(m2 − 1) (A.3g)
[L¯σ(m), L¯σ(n)] = (m−n)L¯σ(m+n) + δm+n,0
cg
12
m(m2 − 1) (A.3h)
[Lσ(m), L¯σ(n)] = 0 . (A.3i)
Here : · :M and : · :M¯ are the standard mode normal orderings of the orbifold program
[3, 5, 6], and : · : is the mode form of operator-product normal ordering. The left-mover
Virasoro generators Lσ(m) are the same as those of the text (see e. g. Eq. (2.1a)), and
∆ˆ0(σ) in Eq. (A.3e) is the conformal weight of the scalar twist field.
We are interested in particular in the relation of L¯σ|B〉σ to Lσ|B〉σ, as implied by the
boundary-state equation (A.2). To study L¯σ|B〉σ we found the following identities useful
: ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) )
ˆ¯J−n(r),ν(n−
n(r)
ρ(σ) ) :M¯ |B〉σ = (A.4a)
( : Jˆn(r)µ(m+ n(r)ρ(σ) )Jˆ−n(r),ν(n−
n(r)
ρ(σ) ) :M +iδm+n(r)
ρ(σ)
,0
F0,µ;0,ν
0,δ(σ)Jˆ−n(r),δ(n−
n(r)
ρ(σ) ))|B〉σ
L0,µ;0,ν
gˆ(σ) (σ)F0,µ;0,ν
0,δ(σ) = L
n(r)µ;−n(r),ν
gˆ(σ) (σ)Fn(r)µ;−n(r),ν
0,δ(σ) = 0 (A.4b)
L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
−n(r)
ρ(σ) Fn(r)µ;−n(r),ν
0,δ(σ) ˆ¯J0,δ(m)|B〉σ
= L
n(r)µ;−n(r),ν
gˆ(σ) (σ)
n¯(r)
ρ(σ)Fn(r)µ;−n(r),ν
0,δ(σ)Jˆ0,δ(m)|B〉σ (A.4c)
where (A.4a) follows from the boundary-state equation, the mode-ordering definitions
(A.3c,d) and the twisted current algebra. The relation in Eq. (A.4b) is obtained from
the symmetries (2.2b,c) of L and F , and Eq. (A.4c) then follows from Eq. (A.3f) and the
boundary-state equation.
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With the identities in Eq. (A.4) and the Virasoro generators in Eq. (A.3), we then verify
the twisted open-string Virasoro conditions on the twisted boundary states:(
Lσ(m)− L¯σ(−m)
)
|B〉σ = 0, σ = 0, . . . , Nc − 1 (A.5a)
[Lσ(m)− L¯σ(−m), Lσ(n)− L¯σ(−n)] = (m− n)
(
Lσ(m+ n)− L¯σ(−m− n)
)
. (A.5b)
Such Virasoro conditions are familiar [46] in the closed string picture of untwisted open
WZW strings.
The boundary state equation in Eq. (A.2) is in fact a special case of the following general
twisted boundary-state equation(
Jˆn(r)µ(m+
n(r)
ρ(σ) ) + ω˜(n(r), σ)µ
ν ˆ¯Jn(r),ν(m+
n(r)
ρ(σ) )
)
|B〉σ = 0 (A.6a)
σ = 0, . . . , Nc − 1 (A.6b)
which is consistent when ω˜ is any mode-number-preserving automorphism of the right- or
left-mover twisted mode algebra (A.1):
ω˜(n(r), σ)µ
κω˜(n(s), σ)ν
λFn(r),κ;n(s),λ
n(t),ǫ(σ) = Fn(r)µ;n(s)ν
n(t)δ(σ)ω˜(n(t), σ)δ
ǫ (A.7a)
ω˜(n(r), σ)µ
κω˜(n(s), σ)ν
λGn(r)σ=0,...,Nc−1,κ;n(s),λ(σ) = Gn(r)µ;n(s)ν(σ) (A.7b)
Gn(r),κ;n(s),λ(σ)ω˜(n(r), σ)κ
µω˜(n(s), σ)λ
ν = Gn(r)µ;n(s)ν(σ) . (A.7c)
We expect that such an ω˜ modification can also be used to describe the general twisted
open WZW string in the open-string picture of the text (see the discussion in Sec. 5).
Similarly, the Virasoro conditions(
Lσ(m)− L¯σ(−m)
)
|B〉σ = 0, σ = 0, . . . , Nc − 1
hold as well for the general boundary state in Eq. (A.6). To see this, a helpful identity is
L
n(r),κ;n(s),λ
gˆ(σ) (σ)ω˜(n(r), σ)κ
µω˜(n(s), σ)λ
ν = L
n(r)µ;n(s)ν
gˆ(σ) (σ) (A.8)
which follows from Eqs. (2.2c) and (A.7c) when the underlying untwisted current algebra
has the special form:
g = ⊕Ig
I , gI ≃ simple g, kI = k (A.9a)
⇒ L
n(r)µ;n(s)ν
gˆ(σ) (σ) =
k
2k +Q
Gn(r)µ;n(s)ν(σ) . (A.9b)
The proof for the general case follows because the general untwisted current algebra can
be considered as a direct sum of these special cases.
52
The general twisted boundary-state equation in Eq. (A.6) reduces to the standard‡8
untwisted boundary state equation in sector σ = 0
(Ja(m) + ωabJ¯b(−m))|B〉0 = 0, a, b = 1 . . .dim g, ω ∈ Aut(g) (A.10)
where ˆ¯J reduces [6] to J¯(−m) and ω˜ → ω is any mode-preserving automorphism of un-
twisted affine g.
B Rectification in the Closed-String WZW Orbifolds
In the text, we noticed that the equal-time current algebra of the twisted open WZW
string is not isomorphic in the bulk to the twisted current algebra of the corresponding
closed-string orbifold – but we claimed instead that the open-string algebra was isomorphic
to the rectified current algebra of the closed-string orbifold. For application in the text,
we therefore review and extend in this appendix the concept of rectification [6, 7, 9, 10] in
closed-string orbifold theory, beginning with the rectified current algebra.
The left- and right-mover current algebras of ordinary closed-string orbifolds Ag(H)/H
are given in Eq. (A.1), and we remind the reader that the right-mover commutators are
not a copy of the left-mover commutators due to the sign reversal of the central term [6].
In what follows we will assume that the right-mover algebra can however be rectified into
a copy of the left-mover algebra
ˆ¯J ♯n(r)µ(m+
n(r)
ρ(σ) ) ≡ θ(n(r), σ)µ
ν ˆ¯J−n(r),ν(−m−
n(r)
ρ(σ)) (B.1a)
[Jˆn(r)µ(m+
n(r)
ρ(σ)), Jˆn(s)ν(n+
n(s)
ρ(σ) )]= iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(m+n+
n(r)+n(s)
ρ(σ) )
+ (m+ n(r)ρ(σ)) δm+n+n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;−n(r)ν(σ) (B.1b)
[ ˆ¯J ♯n(r)µ(m+
n(r)
ρ(σ)),
ˆ¯J ♯n(s)ν(n+
n(s)
ρ(σ) )]= iFn(r)µ;n(s)ν
n(r)+n(s),δ(σ) ˆ¯J ♯n(r)+n(s),δ(m+n+
n(r)+n(s)
ρ(σ) )
+ (m+ n(r)ρ(σ)) δm+n+n(r)+n(s)
ρ(σ)
, 0
Gn(r)µ;− nrn(σ) (B.1c)
where ♯ denotes the rectified right-mover modes. The existence of such a rectification is
equivalent to the following conditions
θ(n(r), σ)µ
κθ(n(s), σ)ν
λG−n(r),κ;−n(s),λ(σ) = Gn(r)µ;n(s)ν(σ) (B.2a)
θ(n(r), σ)µ
κθ(n(s), σ)ν
λF−n(r),κ;−n(s),λ
−n(t),ǫ(σ) = Fn(r)µ;n(s)ν
n(t)δ(σ)θ(n(t), σ)δ
ǫ (B.2b)
‡8See for example Refs. [46, 47].
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on the twisted metric and twisted structure constants of sector σ.
Finding such a rectification {θ} for a given twisted right-mover current algebra is non-
trivial, but this rectification problem has in fact been solved on a case-by-case basis
• the WZW permutation orbifolds [6, 7, 9]
• the inner-automorphic WZW orbifolds [6] on simple g
• the outer-automorphic WZW orbifolds [7, 10] on simple g
for all basic orbifold types. Given these results, one might expect that all twisted right-
mover current algebras can be rectified. We emphasize however that this has not yet been
systematically discussed for more general twisted current algebras, such as the doubly-
twisted current algebras of Refs. [2, 4] – which arise from automorphisms that are compo-
sitions of the basic types above.
In the application of the text, we will need the equal-time form of the rectified current
algebra. Towards this, we first use the mode algebra (B.1) to obtain the equal-time algebra
of the unrectified orbifold currents on the cylinder [11]:
Jˆn(r)µ(ξ, t) ≡
∑
m∈Z
Jˆn(r)µ(m+
n(r)
ρ(σ) )e
−i(m+
n(r)
ρ(σ) )(t+ξ) = Jˆn(r)±ρ(σ),µ(ξ, t) (B.3a)
ˆ¯Jn(r)µ(ξ, t) ≡
∑
m∈Z
ˆ¯Jn(r)µ(m+
n(r)
ρ(σ) )e
i(m+
n(r)
ρ(σ) )(t−ξ) = ˆ¯Jn(r)±ρ(σ),µ(ξ, t) (B.3b)
Jˆn(r)µ(ξ + 2π, σ) = e
−2πin(r)
ρ(σ) Jˆn(r)µ(ξ, σ),
ˆ¯Jn(r)µ(ξ + 2π, σ) = e
−2πin(r)
ρ(σ) ˆ¯Jn(r)µ(ξ, σ) (B.3c)
[Jˆn(r)µ(ξ, t, σ), Jˆn(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(η, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)
ρ(σ)
(ξ − η) (B.4a)
[ ˆ¯Jn(r)µ(ξ, t, σ),
ˆ¯Jn(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ) ˆ¯Jn(r)+n(s),δ(η, t, σ)
− δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)
ρ(σ)
(ξ − η) (B.4b)
[Jˆn(r)µ(ξ, t, σ),
ˆ¯Jn(s)ν(η, t, σ)] = 0, σ = 0, . . . , Nc − 1 . (B.4c)
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Except for the range of ξ, the twisted left-mover current Jˆ here is the same current called
Jˆ (+) in Eq. (2.5), and the phase-modified Dirac delta function δn(r)/ρ(σ)(ξ− η) is that given
in Eq. (2.8).
The rectified right-mover twisted currents are then defined‡9 in terms of the rectified
modes (B.1a) as follows:
ˆ¯J ♯n(r)µ(ξ, t, σ) ≡
∑
m∈Z
ˆ¯J ♯n(r)µ(m+
n(r)
ρ(σ) )e
−i(m+
n(r)
ρ(σ) )(t−ξ) = θ(n(r), σ)µ
ν ˆ¯J−n(r),ν(ξ, t, σ) (B.5a)
ˆ¯J ♯n(r)µ(ξ + 2π, t, σ) = e
2πi
n(r)
ρ(σ) ˆ¯J ♯n(r)µ(ξ, t, σ) . (B.5b)
Then the rectified equal-time current algebra
[Jˆn(r)µ(ξ, t, σ), Jˆn(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ)Jˆn(r)+n(s),δ(η, t, σ)
+ δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δn(r)
ρ(σ)
(ξ − η) (B.6a)
[ ˆ¯J ♯n(r)µ(ξ, t, σ),
ˆ¯J ♯n(s)ν(η, t, σ)] = 2πi(Fn(r)µ;n(s)νn(r)+n(s),δ(σ) ˆ¯J ♯n(r)+n(s),δ(η, t, σ)
− δn(r)+n(s),0mod ρ(σ)Gn(r)µ;−n(r)ν(σ)∂ξ)δ−n(r)
ρ(σ)
(ξ − η) (B.6b)
[Jˆn(r)µ(ξ, t, σ),
ˆ¯J ♯n(s)ν(η, t, σ)] = 0, σ = 0, . . . , Nc − 1 (B.6c)
is obtained from the unrectified algebra (B.4). The only difference between this rectified
algebra and Eq. (B.4) is the phase of the δ-function in Eq. (B.6b).
We will also need to consider the orbifold stress tensors on the cylinder
Tˆσ(ξ, t) ≡
1
2π
∑
m∈Z
Lσ(m)e
−im(t+ξ) =
1
2π
L
n(r)µ;−n(r),ν
gˆ(σ) (σ) : Jˆn(r)µ(ξ, t)Jˆ−n(r),ν(ξ, t) : (B.7a)
ˆ¯Tσ(ξ, t) ≡
1
2π
∑
m∈Z
L¯σ(m)e
im(t−ξ) =
1
2π
L
n(r)µ;−n(r),ν
gˆ(σ) (σ) :
ˆ¯Jn(r)µ(ξ, t)
ˆ¯J−n(r),ν(ξ, t) : (B.7b)
Tˆσ(ξ + 2π, t) = Tˆσ(ξ, t),
ˆ¯Tσ(ξ + 2π, t) =
ˆ¯Tσ(ξ, t) (B.7c)
‡9The definition (B.5a) is the cylinder analogue of the rectified right-mover twisted currents on the sphere
given in Ref. [6].
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where the normal ordering : · : is defined by the mode form of operator-product normal
ordering (see Eqs. (2.1a) and (A.3)). Then we find the following equal-time operator algebra
[Tˆσ(ξ, t), Tˆσ(η, t)] = i
(
(Tˆσ(ξ, t)+Tˆσ(η, t))−
cg
24π
(∂2ξ + 1)
)
∂ξδ(ξ − η) (B.8a)
[ ˆ¯Tσ(ξ, t),
ˆ¯Tσ(η, t)] =−i
(
( ˆ¯Tσ(ξ, t)+
ˆ¯Tσ(η, t))−
cg
24π
(∂2ξ + 1)
)
∂ξδ(ξ − η) (B.8b)
[Tˆσ(ξ, t),
ˆ¯Tσ(η, t)] = 0 (B.8c)
cg ≡ 2Gn(r)µ;n(s)ν(σ)L
n(r)µ;n(s)ν
gˆ(σ) (σ) = 2G
abLabg =
∑
I
2kIdim g
I
2kI +QI
(B.8d)
[Tˆσ(ξ, t), Jˆn(r)µ(η, t, σ)] = −i∂η
(
Jˆn(r)µ(η, t, σ)δ(ξ − η)
)
(B.9a)
[ ˆ¯Tσ(ξ, t),
ˆ¯J ♯n(r)µ(η, t, σ)] = i∂η
(
ˆ¯J ♯n(r)µ(η, t, σ)δ(ξ − η)
)
(B.9b)
[Tˆσ(ξ, t),
ˆ¯J ♯n(r)µ(η, t, σ)] = [
ˆ¯Tσ(ξ, t), Jˆn(r)µ(η, t, σ)] = 0 (B.9c)
which, except for the commutators with the rectified currents ˆ¯J ♯, was given earlier in
Ref. [11]. We also mention that the right-mover stress tensor can be rewritten in terms of
ˆ¯J ♯:
ˆ¯Tσ(ξ, t) =
1
2π
L
n(r)µ;n(s)ν
gˆ(σ) (σ) :
ˆ¯J ♯n(r)µ(ξ, t, σ)
ˆ¯J ♯n(s)ν(ξ, t, σ) : . (B.10)
The argument for (B.10) follows the same line as that given at the end of App. A, using
now the relations
Gn(r)µ;n(s)ν(σ)θ(n(r), σ)µ
κθ(n(s), σ)ν
λ = G−n(r),κ;−n(s),λ(σ) (B.11a)
=⇒ L
n(r)µ;n(s)ν
gˆ(σ) (σ)θ(n(r), σ)µ
κθ(n(s), σ)ν
λ = L
−n(r)κ;−n(s)λ
gˆ(σ) (σ) (B.11b)
which follow from Eqs. (B.2a) and (A.9).
For classical closed-string WZW orbifolds, we list the following rectified relations
Tˆσ(ξ, t) =
1
4πG
n(r)µ;n(s)ν(σ)Jˆn(r)µ(ξ, t, σ)Jˆn(s)ν(ξ, t, σ) (B.12a)
ˆ¯Tσ(ξ, t) =
1
4πG
n(r)µ;n(s)ν(σ) ˆ¯J ♯n(r)µ(ξ, t, σ)
ˆ¯J ♯n(s)ν(ξ, t, σ) (B.12b)
Jˆn(r)µ(ξ) = 2πeˆ
−1(ξ)n(r)µ
n(s)ν pˆn(s)ν(Bˆ, ξ) +
1
2
∂ξxˆ
n(s)ν(ξ)eˆ(ξ)n(s)ν
n(t)δGn(t)δ;n(r)µ(σ) (B.13a)
ˆ¯J ♯n(r)µ(ξ)=2π ˆ¯e
♯−1
(ξ)n(r)µ
n(s)ν pˆn(s)ν(Bˆ, ξ)−
1
2
∂ξxˆ
n(s)ν(ξ) ˆ¯e
♯
(ξ)n(s)ν
n(t)δGn(t)δ;n(r)µ(σ) (B.13b)
ˆ¯en(r)µ(T , ξ) = −igˆ(T , ξ)∂ˆn(r)µgˆ
−1(T , ξ) = ˆ¯e(ξ)n(r)µ
n(s)νTn(s)ν = ˆ¯e
♯
(ξ)n(r)µ
n(s)νT ♯n(s)ν (B.13c)
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{Jˆn(r)µ(ξ, t, σ), xˆ
n(s)ν
σ (η, t)} = −2πieˆ
−1(η, t, σ)n(r)µ
n(s)νδn(r)
ρ(σ)
(ξ − η) (B.13d)
{ ˆ¯J ♯n(r)µ(ξ, t, σ), xˆ
n(s)ν
σ (η, t)} = −2πi ˆ¯e
♯−1
(η, t, σ)n(r)µ
n(s)νδ
−
n(r)
ρ(σ)
(ξ − η) (B.13e)
{Jˆn(r)µ(ξ, t, σ), gˆ(T , η, t, σ)} = 2πgˆ(T , η)Tn(r)µδn(r)
ρ(σ)
(ξ − η) (B.14a)
{ ˆ¯J ♯n(r)µ(ξ, t, σ), gˆ(T , η, t, σ)} = −2πT
♯
n(r)µgˆ(T , η)δ−n(r)
ρ(σ)
(ξ − η) (B.14b)
{xˆn(r)µσ (ξ, t), xˆ
n(s)ν
σ (η, t)} = 0 (B.15)
which have been selected for comparison with the analogous strip results of the text. To ob-
tain these results, we used Eq. (B.2), the corresponding (unrectified) closed-string orbifold
relations in Ref. [11], and the definitions:
T ♯n(r)µ ≡ θ(n(r), σ)µ
νT−n(r),ν (B.16a)
[T ♯n(r)µ, T
♯
n(s)ν ] = iFn(r)µ;n(s)ν
n(t)δ(σ)T ♯n(t)δ (B.16b)
ˆ¯e
♯
(ξ)n(r)µ
n(s)ν ≡ ˆ¯e(ξ)n(r)µ
−n(s),λθ−1(n(s), σ)λ
ν . (B.16c)
Here ˆ¯J ♯, T ♯ and ˆ¯e
♯
are respectively the rectified right-mover currents, the rectified twisted
representation matrices and the rectified right-invariant twisted vielbein on the group orb-
ifold.
Looking back over the rectified results of this appendix, we may finally consider the
following strip↔cylinder map:
Jˆ (+) ↔ Jˆ , Jˆ (−) ↔ ˆ¯J ♯ (B.17a)
eˆ↔ eˆ, ˆ¯e↔ ˆ¯e
♯
, gˆT ↔ gˆT , T gˆ ↔ T ♯gˆ . (B.17b)
One finds that under this map, the twisted open-string properties in Eqs. (2.7),(3.12),
(3.16) and (3.38) of the text are locally twisted WZW, that is, they are isomorphic in the
bulk to the rectified closed-string properties in Eqs. (B.6), (B.13), (B.14) and (B.15).
C More About the Phase-Modified Delta Functions
The phase-modified Dirac delta functions δn(r)/ρ(σ)(ξ±η) were defined in Eq. (2.8), and the
case δn(r)/ρ(σ)(ξ − η) was studied on the cylinder in Ref. [11]. For the computations of the
text, one needs further information about these delta functions on the strip.
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We begin with the strip identities
Aˆ
(±)
n(r)µ
n(s)ν(ξ, t)δ n(t)
ρ(σ)
(±ξ − η) = Aˆ
(+)
n(r)µ
n(s)ν(η, t)δn(r)−n(s)+n(t)
ρ(σ)
(±ξ − η) (C.1a)
Aˆ
(±)
n(r)µ
n(s)ν(ξ, t)δ n(t)
ρ(σ)
(±ξ + η) = Aˆ
(−)
n(r)µ
n(s)ν(η, t)δn(r)−n(s)+n(t)
ρ(σ)
(±ξ + η) (C.1b)
for any Aˆ s.t. Aˆ
(±)
n(r)µ
n(s)ν(−ξ, t) = Aˆ
(∓)
n(r)µ
n(s)ν(ξ, t)
and Aˆ
(+)
n(r)µ
n(s)ν(π, t) = e
−2πi
n(r)−n(s)
ρ(σ) Aˆ
(−)
n(r)µ
n(s)ν(π, t) (C.1c)
0 ≤ ξ, η ≤ π (C.1d)
which apply in particular to the twisted strip currents Aˆ(±) = Jˆ (±) when n(s) = 0. The
δ(ξ−η) identities here appeared in Ref. [11] as a consequence of monodromy, which is here
replaced by the strip boundary condition (C.1c).
Following Ref. [11], we note the special case of Eq. (C.1) with n(t) = n(s)− n(r):
Aˆ
(±)
n(r)µ
n(s)ν(ξ, t)δn(s)−n(r)
ρ(σ)
(±ξ − η) = Aˆ
(+)
n(r)µ
n(s)ν(η, t)δ(±ξ − η) (C.2a)
Aˆ
(±)
n(r)µ
n(s)ν(ξ, t)δn(s)−n(r)
ρ(σ)
(±ξ + η) = Aˆ
(−)
n(r)µ
n(s)ν(η, t)δ(±ξ + η) . (C.2b)
This case leads directly to the following integral identities on the strip
∫ π
0
dηAˆ
(+)
n(r)µ
n(s)ν(η)δn(s)−n(r)
ρ(σ)
(η − ξ)=

1
2 Aˆ
(+)
n(r)µ
n(s)ν(0), ξ = 0
Aˆ
(+)
n(r)µ
n(s)ν(ξ), 0 < ξ < pi
1
2 Aˆ
(+)
n(r)µ
n(s)ν(pi), ξ = pi
(C.3a)
∫ π
0
dηAˆ
(−)
n(r)µ
n(s)ν(η)δn(s)−n(r)
ρ(σ)
(−η + ξ)=

1
2 Aˆ
(−)
n(r)µ
n(s)ν(0), ξ = 0
Aˆ
(−)
n(r)µ
n(s)ν(ξ), 0 < ξ < pi
1
2 Aˆ
(−)
n(r)µ
n(s)ν(pi) = 12e
2pii
n(r)−n(s)
ρ(σ) Aˆ
(+)
n(r)µ
n(s)ν(pi), ξ = pi
(C.3b)
∫ π
0
dηAˆ
(+)
n(r)µ
n(s)ν(η)δn(s)−n(r)
ρ(σ)
(η + ξ)=

1
2 Aˆ
(+)
n(r)µ
n(s)ν(0), ξ = 0
0, 0 < ξ < pi
1
2 Aˆ
(−)
n(r)µ
n(s)ν(pi) = 12e
2pii
n(r)−n(s)
ρ(σ) Aˆ
(+)
n(r)µ
n(s)ν(pi), ξ = pi
(C.3c)
∫ π
0
dηAˆ
(−)
n(r)µ
n(s)ν(η)δn(s)−n(r)
ρ(σ)
(−η − ξ)=

1
2 Aˆ
(+)
n(r)µ
n(s)ν(0), ξ = 0
0, 0 < ξ < pi
1
2 Aˆ
(+)
n(r)µ
n(s)ν(pi), ξ = pi
(C.3d)
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which generalize the integral identities given in Ref. [23] for ordinary delta functions on
the strip. Comparing Eqs. (C.3a,b) with Ref. [23], one confirms that the same results are
obtained with or without the phase modification of δ(η − ξ). This is easily understood
because the phase of δn(r)/ρ(σ) is non-trivial only when the argument of the delta function
is 2π, which is not achieved in the integrals (C.3a,b):
δn(r)
ρ(σ)
(ξ − η) ≡ δ(ξ − η) when 0 ≤ ξ, η ≤ π . (C.4)
It is not clear however that the phase-modifications can always be ignored in spatial deriva-
tives of δn(r)/ρ(σ)(ξ − η).
A simple consequence of Eq. (C.3) is the identity∫ π
0
dη
(
Aˆ
(±)
n(r)µ
n(s)ν(η)δn(s)−n(r)
ρ(σ)
(±η ∓ ξ) + (η ↔ −η)
)
= Aˆ
(±)
n(r)µ
n(s)ν(ξ) (C.5)
and identities similar to Eqs. (C.1)-(C.5) are easily derived for twisted fields with any
number of indices. For example, the corresponding identity on Aˆn(r)µ;n(s)ν∫ π
0
dη
(
Aˆ
(±)
n(r)µ;n(s)ν(η)δ−n(s)−n(r)
ρ(σ)
(±η ∓ ξ) + (η ↔ −η)
)
= Aˆ
(±)
n(r)µ;n(s)ν(ξ) (C.6)
is obtained from Eq. (C.5) by replacing n(s)→ −n(s) in the phase-modified delta functions.
D Examples of the New Non-Commutative Geometries
In this appendix, we consider some simple examples of the new non-commutative geometries
associated to the {x, x} brackets of the open WZW strings.
Because no non-abelian examples were worked out in Ref. [23], we begin with two
examples in the case of untwisted open WZW strings Aopeng . For these examples we will
need the following explicit forms of the adjoint action Ω(x) and the vielbein e(x)
Ω(x) = g−1(T adj , x) = e−iY (x), e(x) =
(
eiY (x)−1
iY (x)
)
(D.1a)
Y (x) ≡ xieai (0)T
adj
a = x
aT adja , a = 1, . . . , dim g (D.1b)
which hold for any group manifold. Here g is the group element, T adj is the matrix adjoint
rep of Lie g and we have chosen e(0) = 1 so that the Einstein-space indices are equivalent
to the tangent-space indices a ≃ i.
Example 1: Aopen
su(2)
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For g = su(2), we choose root length 1 and the standard Cartesian basis
(T adja )bc = i(Ra)bc = −iǫabc, ǫ123 = 1, x
aT adja = i~x ·
~R, a, b, c ∈ {1, 2, 3} (D.2a)
(~x · ~R)2m+1 = (−|~x|2)m(~x · ~R), (~x · ~R)2m+2 = (−|~x|2)m(~x · ~R)2, m ≥ 0 (D.2b)
which allows us to evaluate the following geometric quantities:
Gab = kδab, g(T, ξ) = e
i~x(ξ)·T (D.3a)
Ω(ξ) = 1l +
sin |~x(ξ)|
|~x(ξ)|
~x(ξ) · ~R +
1− cos |~x(ξ)|
|~x(ξ)|2
(~x(ξ) · ~R)2, e(0)i
a = δi
a (D.3b)
Gij(x(ξ)) = k
(
δij +
2 cos |~x(ξ)|+ |~x(ξ)|2 − 2
|~x(ξ)|4
((~x(ξ) · ~R)2)ij
)
. (D.3c)
Except for the range 0 ≤ ξ ≤ π, these forms hold as well for the corresponding closed-
string WZW model Asu(2). Then the non-commutative geometry of the Giusto-Halpern
open string Aopen
su(2)
{xi(ξ, t), xj(η, t)} = iπ

−Ψij(0, 0) if ξ = η = 0
Ψij(π, π) if ξ = η = π
0 otherwise
(D.4a)
Ψij(ξ, ξ) = −
|~x(ξ)| sin |~x(ξ)|
k(1 − cos |~x(ξ)|)
(~x(ξ) · ~R)ij (D.4b)
follows directly from the results in Ref. [23] or Eq. (3.39).
Example 2: Aopen
su(2)⊕su(2)
We next consider the untwisted open WZW string on g = su(2)⊕ su(2), whose Z2 permu-
tation symmetry will be modded out to obtain our third (twisted) example below.
The required geometric quantities for this open WZW string
GaI;bJ = kδIJδab, I, J = 0, 1, a, b, c = 1, 2, 3 (D.5a)
g(T, ξ) = exp
[
i
(
x0a(ξ)T
(0)
a 0
0 x1a(ξ)T
(1)
a
)]
, T (0) ≃ T (1) ≃ T (D.5b)
Ω(ξ)aI
bJ = δI
J
(
δa
b +
sin |~xI(ξ)|
|~xI(ξ)|
(~xI(ξ) · ~R)ab +
1− cos |~xI(ξ)|
|~xI(ξ)|2
((~xI(ξ) · ~R)2)ab
)
(D.5c)
GiI;jJ(x(ξ)) = kδIJ
(
δij +
2 cos |~xI(ξ)|+ |~xI(ξ)|2 − 2
|~xI(ξ)|4
((~xI(ξ) · ~R)2)ij
)
(D.5d)
x(ξ) = {xiI(ξ)}, i = 1, 2, 3, I = 0, 1, ~xI(ξ) · ~R ≡ xaI(ξ)Ra, e(0)iI
aK = δi
aδI
K (D.5e)
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are easily read off as two copies of those given in the previous example. Correspondingly,
the non-commutative geometry of Aopen
su(2)⊕su(2)
{xiI(ξ, t), xjJ(η, t)} = iπ

−ΨiI;jJ(0, 0) if ξ = η = 0
ΨiI;jJ(π, π) if ξ = η = π
0 otherwise
(D.6a)
ΨiI;jJ(ξ, ξ) = −δIJ
|~xI(ξ)| sin |~xI(ξ)|
k(1− cos |~xI(ξ)|)
(~xI(ξ) · ~R)ij (D.6b)
decomposes, as expected, into two non-interacting copies of the geometry of Aopen
su(2).
Example 3: Aopensu(2)⊕su(2)(H)/H, H = Z2(perm).
As our last example, we discuss the twisted non-commutative geometry of the twisted sector
of the open-string orbifold Aopensu(2)⊕su(2)(Z2)/Z2, where the Z2 is the permutation symmetry
which exchanges the two copies of su(2).
Following the development of this paper, we begin with the data of the single twisted
left-mover sector (σ = 1) of the closed-string Z2 permutation orbifold Asu(2)⊕su(2)(Z2)/Z2.
This data includes for example the simplest orbifold affine algebra [1]
[Jˆjˆa(m+
jˆ
2), Jˆlˆb(n+
lˆ
2)] = iǫabcJˆjˆ+lˆ,c(m+n+
jˆ+lˆ
2 ) + 2kδab(m+
jˆ
2)δm+n+ jˆ+lˆ
2
,0
(D.7a)
n¯(r)→ ¯ˆj ∈ {0, 1}, µ→ a = 1, 2, 3 (D.7b)
which provides the current-algebraic input (2.1b) for this case.
At the geometric level, the following twisted quantities
σ = 1 : Gjˆa;lˆb = 2kδabδjˆ+lˆ,0mod 2, Tjˆa(T ) = Taτjˆ (D.8a)
gˆ(T (T ), ξ) = exp[i(xˆ0a(ξ)1l2 + xˆ
1a(ξ)τ1)⊗ Ta], ~τ = Pauli matrices (D.8b)
Ωˆ(xˆ) = e−iYˆ (xˆ), Yˆ (xˆ(ξ)) ≡ xˆjˆa(ξ)T adja τjˆ , eˆ(xˆ) =
(
eiYˆ (xˆ)−1
iYˆ (xˆ)
)
(D.8c)
Ωˆ(xˆ(ξ)) =
1
2
(
Ωˆ(Xˆ
+
(ξ)) + Ωˆ(Xˆ
−
(ξ)) Ωˆ(Xˆ
+
(ξ))− Ωˆ(Xˆ
−
(ξ))
Ωˆ(Xˆ
+
(ξ))− Ωˆ(Xˆ
−
(ξ)) Ωˆ(Xˆ
+
(ξ)) + Ωˆ(Xˆ
−
(ξ))
)
(D.8d)
Ωˆ(Xˆ
±
(ξ))≡ 1l+
sin |Xˆ
±
(ξ)|
|Xˆ
±
(ξ)|
Xˆ
±
(ξ)· ~R+
1−cos |Xˆ
±
(ξ)|
|Xˆ
±
(ξ)|2
(Xˆ
±
(ξ)· ~R)2 (D.8e)
Xˆ
±,a
(ξ) ≡ xˆ0,a(ξ)± xˆ1,a(ξ) (D.8f)
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Gˆjˆa;lˆb(xˆ(ξ)) = k
(
G(Xˆ
+
(ξ)) + (−1)jˆ+lˆG(Xˆ
−
(ξ))
)
ab
(D.8g)
G(Xˆ
±
(ξ)) ≡ 1l +
(Xˆ
±
(ξ) · ~R)2
|Xˆ
±
(ξ)|4
(2 cos |Xˆ
±
(ξ)|+ |Xˆ
±
(ξ)|2 − 2) (D.8h)
follow from the definitions of the text. Except for the range 0 ≤ ξ ≤ π, these are
the same formulae given in Ref. [11] for the closed-string orbifold Asu(2)⊕su(2)(Z2)/Z2.
Then the twisted non-commutative geometry of sector σ = 1 of the open-string orbifold
Aopensu(2)⊕su(2)(Z2)/Z2
{xˆjˆa(ξ, t), xˆlˆb(η, t)} = iπ

−Ψˆjˆa;lˆb(0, 0) if ξ = η = 0
Ψˆjˆa;lˆb(π, π) if ξ = η = π
0 otherwise
(D.9a)
Ψˆjˆa;lˆb(0, 0) = −
1
4k
( |Xˆ
+
(0)| sin |Xˆ
+
(0)|
1− cos |Xˆ
+
(0)|
(Xˆ
+
(0)· ~R)ab +
+ (−1)jˆ+lˆ
|Xˆ
−
(0)| sin |Xˆ
−
(0)|
1− cos |Xˆ
−
(0)|
(Xˆ
−
(0)· ~R)ab) (D.9b)
Ψˆjˆa;lˆb(π, π) = −
1
4k
[
(−1)jˆ
(
(ψˆ+ψˆ−)t− (ψˆ−ψˆ+)
)
+ (−1)lˆ
(
(ψˆ−ψˆ+)t− (ψˆ+ψˆ−)
)]
ab
(D.9c)
ψˆ± ≡ 1l + 12(Xˆ
±
(π) · ~R) +
(
1
|Xˆ
±
(π)|2
−
sin |Xˆ
±
(π)|
2|Xˆ
±
(π)|(1− cos |Xˆ
±
(π)|)
)
(Xˆ
±
(π) · ~R)2 (D.9d)
follows from Eqs. (D.8) and (3.38). As in the text, superscript t is matrix transpose. The
example above is the simplest permutation-twisted open WZW string.
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